ON KP-II TYPE EQUATIONS ON CYLINDERS

AXEL GRUNROCK, MAHENDRA PANTHEE, AND JORGE DRUMOND SILVA

ABSTRACT. In this article we study the generalized dispersion version of the Kadomtsev-Petviashvili
II equation, on T x R and T x R?. We start by proving bilinear Strichartz type estimates, de-
pendent only on the dimension of the domain but not on the dispersion. Their analogues in
terms of Bourgain spaces are then used as the main tool for the proof of bilinear estimates of
the nonlinear terms of the equation and consequently of local well-posedness for the Cauchy

problem.
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2 A. GRUNROCK7 M. PANTHEE, AND J. DRUMOND SILVA
1. INTRODUCTION

In this paper, we consider the initial value problem (IVP) for generalized dispersion versions

of the Kadomtsev-Petviashvili-II (defocusing) equation on T, x R,

1) { Ou — | Dy |*0pu + 3;185u +ud,u =0 uw:R x Ty xRy — R,

U(O,ﬂf,y) = ’U@(ﬁ,@/),

and on T, x R2

©) { Opu — | Dy |*0pu + 8;1Ayu +udzu =0 u: Ry x T, X ]Rz — R,

U(O, l’,y) = UO(.%', y)

We consider the dispersion parameter o > 2. The operators |D,|*0, and 9, ' are defined by
their Fourier multipliers i|k|*k and (ik)~!, respectively.
The classical Kadomtsev-Petviashvili (KP-I and KP-II) equations, when o = 2,

Opu + OPu + 8;18§u +udyu =0

are the natural two-dimensional generalizations of the Korteweg-de Vries (KdV) equation. They
occur as models for the propagation of essentially one-dimensional weakly nonlinear dispersive
waves, with weak transverse effects. The focusing KP-I equation corresponds to the minus (-)
sign in the previous equation, whereas the defocusing KP-II is the one with the plus (4) sign.
The well-posedness of the Cauchy problem for the KP-II equation has been extensively stud-
ied, in recent years. J. Bourgain [I] made a major breakthrough in the field by introducing
Fourier restriction norm spaces, enabling a better control of the norms in the Picard iteration
method applied to Duhamel’s formula, and achieving a proof of local well-posedness in L?(T?)
(and consequently also global well-posedness, due to the conservation of the L? norm in time).
Since then, a combination of Strichartz estimates and specific techniques in the framework of
Bourgain spaces has been used by several authors to study KP-II type equations in several set-
tings (see [9], [10], [13], [14], [15], [16], [17] and references therein). Recently, an optimal result
was obtained by M. Hadac [6] for the generalized dispersion KP-II equation on R?, in which

local well-posedness for the range of dispersions % < a < 6 was established for the anisotropic

Sobolev spaces H**2(R?), provided s; > max (1 — %a, % — %a), s9 > 0, thus reaching the scal-
ing critical indices for % < a < 2. This includes the particular case @ = 2 corresponding to the
classical KP-II equation. In this case the analysis was pushed further to the critical regularity
by M. Hadac, S. Herr, and H. Koch in [§], where a new type of basic function spaces - the so
called UP-spaces introduced by H. Koch and D. Tataru - was used. Concerning the generalized

dispersion KP-II equation on R3, a general result was also shown by M. Hadac in [7], which is
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optimal in the range 2 < a < % by scaling considerations. For the particular case a = 2, he
obtained local well-posedness in H*1:%2(R3) for s; > % and sy > 0.

In this article, we aim to study the local well-posedness of the initial value problem for the
general dispersion KP-II type equations and , on the cylinders T, x R, and T, x Rg
respectively. We will show that the initial value problem is locally well-posed for data
ug € H*%2(T x R) satisfying the mean zero condition fOQW u(z,y)dr = 0, provided a > 2,
s1 > max (3 — 5,5 —§), and s > 0. Combined with the conservation of the L2, -norm this
local result implies global (in time) well-posedness, whenever s; > 0 and so = 0. Concerning
we will obtain local well-posedness for ug € H*%2(T x R?), satisfying again the mean zero

condition, in the following cases:

e a=2, 812%, s2 >0,
e 2 < a<h, 81>3_T‘", s9 > 0,
e 5 <aq, 31>ITTO‘, s9 > 0.

For o > 3 our result here is in, and below, Lgy. In this case we again obtain global well-posedness,
whenever s; > 0 and s9 = 0.

We proceed in three steps. First, in Section 2, we will establish bilinear Strichartz estimates
for the linear versions of and , depending only on the domain dimension but not on the
dispersion parameter. We believe, these estimates are of interest on their own, independently of
their application hereﬂ In the second step, in Section 3, we will use these Strichartz estimates to
prove bilinear estimates for the nonlinear term of the equations, in Bourgain’s Fourier restriction
norm spaces. Finally, in Section 4, a precise statement will be given of our local well-posedness
results for the associated initial value problems, with data in Sobolev spaces of low regularity.
Their proofs follow a standard fixed point Picard iteration method applied to Duhamel’s formula,
using the bilinear estimates obtained in the previous section. In the appendix we provide a
counterexample, due to H. Takaoka and N. Tzvetkov [18], concerning the two-dimensional case.
This example shows the necessity of the lower bound s; > %—% and hence the optimality (except
for the endpoint) of our two-dimensional result in the range 2 < o < % For higher dispersion
(a > %) we unfortunately lose optimality as a consequence of the case when an interaction of
two high frequency factors produces a very low resulting frequency. The same problem occurs

in three space dimensions, but the effect is much weaker. Here, by scaling considerations, our

Iror example our two-dimensional space time estimate, which is equally valid for the linearized KP-I equation,
together with the counterexamples presented later on gives a definite answer to a question raised by J. C. Saut

and N. Tzvetkov in [I6, remark on top of p. 460].
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result is optimal for 2 < a < 5, and we leave the line of optimality only for very high dispersion,

when o > 5.

2. STRICHARTZ ESTIMATES

Strichartz estimates have, in recent years, been playing a fundamental role in the proofs of
local well-posedness results for the KP-II equation. Their use has been a crucial ingredient for
establishing the bilinear estimates associated to the nonlinear terms of the equations, in the
Fourier restriction spaces developed by J. Bourgain, the proof of which is the central issue in
the Picard iteration argument in these spaces. Bourgain [I] proved an L* — L? Strichartz-type
estimate, localized in frequency space, as the main tool for obtaining the local well-posedness
of the Cauchy problem in L2, in the fully periodic two-dimensional case, (x,y) € T?. J.C. Saut
and N. Tzvetkov [I5] proceeded similarly, for the fifth order KP-II equation, also in T? as well
as T3. Strichartz estimates for the fully nonperiodic versions of the (linearized) KP-II equations
have also been extensively studied and used, both in the two and in the three-dimensional cases.
In these continuous domains, R? and R3, the results follow typically by establishing time decay
estimates for the spatial L°° norms of the solutions, which in turn are usually obtained from the
analysis of their oscillatory integral representations, as in [3],[11] or [I3]. The Strichartz estimates
obtained this way also exhibit a certain level of global smoothing effect for the solutions, which
naturally depends on the dispersion factor present in the equation.

As for our case, we prove bilinear versions of Strichartz type inequalities for the generalized
KP-II equations on the cylinders T x R and T x R2. The main idea behind the proofs that
we present below is to use the Fourier transform &, in the periodic x variable only. And
then, for the remaining y variables, to apply the well known Strichartz inequalities for the
Schrédinger equation in R or R%. This way, we obtain estimates with a small loss of derivatives,
but independent of the dispersion parameter.

So, consider the linear equations corresponding to and ,

(3) Oyu — |Dg|*Opu+ 9,1 0ju = 0,
respectively
(4) Opu — | Dy|*Opu + 05 P Ayu = 0.

The phase function for both of these two equations is given by

2
5(6) = aolk) - 1L,
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where ¢o(k) = |k|*k is the dispersion term and & = (k,n) € Z* x R, respectively & = (k,n) €
7Z* x R?, is the dual variable to (z,y) € T x R, respectively (z,y) € T x R?, so that the unitary
evolution group for these linear equations is ¢®(D)  where D = —iV. For the initial data
functions ug, vy that we will consider below it is assumed that u(0,7) = 95(0,17) = 0 (mean
zero condition).

The two central results of this section are the following.

Theorem 1. Let ¢ € C°(R) be a time cutoff function with 1 ‘[_171] =1 and supp(yp) C (—2,2),
and let ug,vo : Ty x Ry, — R satisfy the mean zero condition in the x variable. Then, for s12 >0

such that s1 + so = i, the following inequality holds:

(D 5 5(D
(5) [ PPy 79 )UOHL?W S HUOHHlegHUO”HjQLg'

Theorem 2. Let ug,vg : T, X RZ — R satisfy the mean zero condition in the x variable. Then,

for s1.2 > 0 such that s1 + s2 > 1, the following inequality holds:

(6) 4P g Dol 2 < lluoll g ool gz 13-

Choosing ug = vg and s1 = Sg = %—i—, we have in particular

e Pug s < lluoll g -
Yy

Note that in the case of Theorem (I} in the T, x R, domain, the Strichartz estimate is valid

only locally in time. A proof of this fact is presented in the last result of this section
Proposition 1. There is no s € R such that the estimate

| (@ Puo)? 5 S D5z, Iuollzz,.
holds in general.

The use of a cutoff function in time is therefore required in T x R, whose presence will be
fully exploited in the proof of Theorem [1} In the case of Theorem [2, where y € R2, the result is
valid globally in time and no such cutoff is needed to obtain the analogous Strichartz estimateﬂ

As a matter of fact, in the three-dimensional case T x R?, the proof that we present is equally
valid for the fully nonperiodic three-dimensional domain, R3. As pointed out above, Strichartz

2In any case, for our purposes of proving local well-posedness in time for the Cauchy problems and ,

further on in this paper, this issue of whether the Strichartz estimates are valid only locally or globally will not

be relevant there.
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estimates have been proved and used for the linear KP-II equation, in R? and R3. But being
usually derived through oscillatory integral estimates and decay in time, they normally exhibit
dependence on the particular dispersion under consideration, leading to different smoothing
properties of the solutions. For estimates independent of the dispersion term ¢y one can easily
apply a dimensional analysis argument to determine - at least for homogeneous Sobolev spaces
H* - the indices that should be expected. So, for A € R, if u(t,x,y) is a solution to the linear
equation on R3, then v* = Cu(A3t, Az, \2y), C € R, is also a solution of the same equation,

with initial data u) = Cug(A\z, \%y). An L}

toy — H 5 L7 estimate for this family of scaled solutions

then becomes
1_
Nl 5 ol s

leading to the necessary condition s = % Theorem [2, for nonhomogeneous Sobolev spaces,

touches this endpoint (not including it, though).
2.1. Proof of the Strichartz estimate in the T x R case.

Proof of Theorem[1] It is enough to prove the estimate when s; = 1/4 and s9 = 0.
We have, for the space-time Fourier transform of the product of the two solutions to the linear

equationﬂ
(7) F(e"Phug ¥ Plug) (7, €) = /5(7 — ¢(&1) — #(&2))uo(&1)00(€2) pu(déy),

where f* pw(dér) =3 k1,ka#0 f771+772=77 dn, and
k=Fk1+ko

B(&1) + ¢(§2) = do(k1) + do(ka) — (knt — 2nkim + kin?).

1
k1ko
Thus the argument of §, as a function of 7;, becomes

o(m) =7 — $(&) — (&) = kf,@(krn% ki + kan?) + 7 — dolkr) — do(ka).

The zeros of g are
k
with )
k1k
W? = 22 (%(ka) + dolk) = - - T> ,

whenever the right hand side is positive, and we have

2|k|w
JooEN

3Thlroughout the text we will disregard multiplicative constants, typically powers of 27w, which are irrelevant

for the final estimates.
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There are therefore two contributions I* to @, which are given by

+ -t |k1ka| nki ~ nk2
SRR u0<k1,kiw Go (k2 - Fw )

w
k1
k1,k27#0

and the space-time Fourier transform of 1 e"*¢(P)y ¢(P)y then becomes
F( " Pug " Phvg)(7,€) = § wr (IH(7,6) + 17 (7,€)) =

JERS S CHEIE BRI Sty

k1,k2#0

_ k R k
“+ ug (k)l, % —w(n)) Vo <]€2, % —|—w(7'1)> ]dTl.

For the L? estimate of this quantity we may assume, without loss of generality, that k; and
ko are both positive (cf. pg. 460 in [16]), so that 0 < k1, k2 < k.
We will now prove the result, by breaking up the sum into two cases which are estimated

separately.

Case I (w(11)? > k1k2):

In this case we start by using the elementary convolution estimate,

1957 (I (€ + T () |y shaks 22 S NPl T + T, 9) sy llr2-

Now, to estimate the L? norm of the sum, we fix any small 0 < ¢ < 1/4 and Cauchy-Schwarz

gives

kik

4 ) 1/2

B) (T O w(ryzskiks S Z F 6k:w(T)
k1,k2>0

1
2

kik k k 2

2 ks |\ ki = TR

x (k;>0k1 kw(T))uo(kl, T () (ks ;mm‘)
1,72

The condition w(T)? > kiks implies “];(17]222 = |2 (do(k1) + go(ks)) — Z—z — 71 > 1, so that

ViR L
wW(t)  (L(do(kr) + do(kz) — Iz — F)

[NIE
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We also have 7”21]“2 < 1, from which we conclude then that the first factor in is bounded by

a constant C. independent of k, 7,7, for

I R :

k1,ko>0 k1 ,ka>0 <%(¢0(k1) + ¢o(kz)) — Lz - %ﬁ

Qe

P

Z BT X T ’

b a0 (£ (P0(k1) + ¢o(ka)) — =z — %)%

which, using Hoélder conjugate exponents p > 1/2¢ > 2 and ¢ = p/(p — 1) < 2, as well as the

easy calculus fact that

sup Z (¢o(k1) + ¢o(ks)) —a)™* < Cj,

a€R
kEN k1>0

valid for any fixed o > 2 and § > 1/2, implies

S k= klkz < C..

k1,k2>0 )
We thus have
”Ii ‘w2>k1k2 HL2
kik ol k k 2
S.; Z k%a/ 1 2‘ klankl ) (k277’k2:|:w)‘ dr
k1,k2>0
- k k 2
<y kQ/‘ kl,” L 1 w0)d (kg,";;w)) dw.
kl,k2>0

Here we have used dr = 2“”“ dw Integrating with respect to dn and using the change of variables

n(k— k1)
k

Ny = % Tw,n- = F w with Jacobian F1 we arrive at

+(
I8 |orshks 172 S k2€‘|UO(k1a')HL2||UO(k72a')||L2
k1,k2>0

Finally summing up over k # 0 we obtain

1T+ 1) Loy (32, S ID5u0l 33, lloll3s,

Case II (w(m1)? < k1ko):
In this case |4 (¢o(k1) + ¢o(k2)) — —2 — 2| < 1. Here we make the further subdivision

L= Xy T Xy
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When |77 | < 1 we have

T —T1

<1+ i

<2

Y

2
6t + (i)~ 7 -

Enl e

and for every fixed 7, k, 7 we have only a finite number of k1’s satisfying this condition. Therefore,

k1k2 o 77/€1 o ko
/|¢ ’ klv A (7_1))’00(]{327 k :FW(Tl))‘X{w(71)2§k1k2}X{|%|§1}d7—1
k1>0
1
k1/€2 nk1 o ko 2\”
907 = )l B, Tt @)oo, 2 wlr)|dn
k1>0 n
Now, the L%n norm of this quantity is bounded by
5 kika_— . nki nks ?
> e (Gt B )itk 2 F )|
k1>0 n

N

. .t a2 .t a2 2
= [ 3 [ ettt i gy, ) €tk |
k1>0 Lty

where the equality is due to Plancherel’s theorem, applied to the ¢,y variables only. By Holder

H¢ eit(¢0(k1)+¢o(k2))eiéaggruo(kl> ) ei%aggmUO(k2a )’

2
L,

i 02 i 02
< [l palle ™™ Fauo(k, )l papeolle ™2™ Favo(ka, )| Lgor2-
The partial Fourier transform &, of a free solution with respect to the periodic x variable only
Iz (eit(b(D)uO) (kv y) = eit¢0(k) 67%85 ?xu()(ku y)7

is, for every fixed k, a solution of the homogeneous linear Schrédinger equation with respect
to the nonperiodic y variable and the rescaled time variable s := 7, multiplied by a phase
factor of absolute value one. So, for the second factor on the right hand side of @D we use the
endpoint Strichartz inequality for the one-dimensional Schrodinger equation, thus producing

k1 i Fouo(k1,-)|| 72, where the k;y factor comes from dt = kids in L}. By conservation of the
2 t
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Lz2; norm, the last factor is nothing but ||F,vo(k2, )HL% We thus get

. -t . ¢ 2
Z Hw elt((bo(kl)+¢O(k2))€laaggxu0(kl7 ) elgaggjzv(](k% )‘ 2
k1>0 Lty

2

1 1
S| D ka2 lFouo ke, I [ Fovolke, 7z | < IDEwollz, llvoll e,

k1>0
Finally, when |75 | > 1 = |7 — 71| > k, we exploit the use of the cutoff function; the estimate
B -1 S s
T—T
Pl (T —11)KP’

is valid, for arbitrarily large 3, because ¥ € S(R) (with the inequality constant depending only

on ¢ and f3). Fixing any such § > 1, we can write

kiko |- k _ . nk
/ > (= m) 1( 2 S ’w)(lﬁ, % + w(r))vo(k2, TQ = W(Tl))‘X{w(n)2§k1k2}X{|%bl}dﬁ
k1>0

1 1 k1ka A nk1 ~ nks ‘
< E 1=
~ / < > (kle) /2 k'w 7_1 ‘ kl’ k (Tl))U(](kQ, k :F(.U(Tl)) X{w(Tl)ZSklkg}dTl'

T—T
1 k>0

The L2 norm of this quantity is bounded, using the same convolution estimate as before, by

1 kik k k

-1 1R2 ULa! ~ nr2

) ||L2/k§>0 (et k)72 e co(7) ug(k1, — A iw(r))vo(k:mT: :Fw(T))‘X{w(T)zgkle}dT
1

1
< E - -
~ 2
k1>0 (kle)ﬁ/

w)|dw,

/ng/kl k2

where we have done again the change of variables of integration dr = ]?“;f dw. Applying Holder’s

inequality to the integral, we then get

o 77 L nks 2\
Z (ko) ﬂ/g‘kle ‘ (k1, == £ w)to(kz, == W)‘ dw

1/2
<Z/’ kl,’“ )%(@,77:2;&))]2@) :
k1>0

valid for our initial choice of 5. The proof is complete, once we take the Lin norm of this last

formula, which is obviously bounded by ||ug| Iz, ||vol| Lz, - O
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2.2. Proof of the Strichartz estimate in the T x R? case.

Proof of Theorem[2 We start by proving the easier case, when s;2 > 0. Using again the
Schrédinger point of view, as in the proof of Theorem (I, the partial Fourier transform in the x
variable yields

T (eit‘b(D)uO) (k,y) = eitdo(k) iz Ay Fruo(k,y),

and hence
TPy D)y (K, y) = Z eit%(kl)eit%(b)eiﬁ%%uo(k‘by)eiéAyrfmvo(kz,y)-
k170
ko=k- k170

By Plancherel in the x variable and Minkowski’s inequality we see that

; ; it A i LA
||ezt¢>(D)uO eztd)(D)vO”L%Iy < H Z e F Y Fpug (b, -)e' F2 Y Fpug (ke )HLfy

)
k1 L

k1,k27£0
Holder’s inequality and Strichartz’s estimate for Schrodinger in two dimensions, with suitably

chosen admissible pairs, give
it A it A 1 1
(10)  [le™ " Fpug(ka, -) €27 F g (ka, Wiz, S [ka[Pr k|2 [ Fauo(kr, )l 2 [ Favo(ka, )l 2
where pil + p% = % and p1,p2 < ooﬁ Then, an easy convolution estimate in the k; variable yields
1 1
| >0 Il T auo ks, g ol 2 1 Favo iz, )

k1
k1,k2#0

2
Lk

1 1
< kP Faun(h, Mz S 1152 | Fovn(k, )z,
k40

so that, Cauchy-Schwarz in ) k2o finally gives

ito(D), ité(D
7P el )UOHLeg S lwoll gz pzllvoll a2 2

with s; = 1/p; and s > 1/p2 +1/2.
For the case in which s; = 0 or s3 = 0, we need to be able to replace by the endpoint

inequality, where all the derivatives fall on just one function

i Ay iy < 1
1) e ™ Fpug(kr,-)e 7" Fpvo (ks ) 2, S (ka2 [Feuo(krs )|l 2 [Fevo(ke, )l 2
from which the proof of @ for this case follows exactly as previously.

4Because of the failure of the endpoint Strichartz estimate in two dimensions, here we may not admit p; = oo

or p2 = 00.
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To establish we start by noting again, as in the previous section, that it is enough to
consider k1, ko > 0. We write f(y) = Fruo(k1,y) and g(y) = Frvo(k2,y). Then
N R, ml*  |mf?
Fiy(e 1™ fer2g)(r,n) = o\ 7———— ) Fyf(m)Fyg(n2)dn.
2=N—" k1 ko

Introducing w :=n; — %n, so that n; = %117 fw,m=n—m= %217 —w and ka|n|? + k1|ne2|? =
k|w|? + £tE219|2 the latter becomes

/5 ( n+w)?yg(k;€2n—w>dw,

k 2 2k dS,
where P(w) = 7 — tl-|wl® — —l with |[VP(w)| = kl‘]:;' Using [ §(P(w))dw = fP —0 9P
and defining 2 klkkz (r— %), the previous integral can then be written as

kiko k1 ko
% ‘w‘:r ?yf <k77 + CL)> ?yg (k‘n — (J)) dSw

1

k1ko ) 2 :
< L

NG (/M:r yf( n+w) ?yg(k” w) dSw) ’

by Cauchy-Schwarz with respect to the surface measure of the circle. By taking now the L2

norm, using dr = 2&7%7", the result is

1
kiks k1 2 ’ ’
( ’ //M:r Fyf <k77+w> Fyg (kn — w) dS,, dr
1
kik k N2
(52 o (e o))
It remains to take the L727 norm. As above, we introduce new variables n, = % + w and
n- = % — w, with Jacobian equal to one, yielding
k‘lk’g
—— IIfllzzllgll 22

Since ko < k, by our sign assumption, the proof is complete.

Remark: We define the auxiliary norm

||f||L;Lng = Hrf:ﬁf”L;’Lng’
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where the ’ denotes the conjugate Holder exponent. Then a slight modification of the above

argument shows that

(12) e Pug " Phug |1, 1 < Jluoll s rallvoll gz 2

provided 1 <r <2, 512 >0 and s; + s2 > %—l— %
2.3. Counterexample for global Strichartz estimate in T x R.

Proof of Proposition[1l Let uy(§) = vo(§) = d(k — N)x(n), where N > 1 and x is the charac-

teristic function of an interval I, of length 2|I|, symmetric around zero. In this case

() = ok — 2n) X L

5 SoX/2+wn)x(n/2 - wn),
WN
with )
Nt
Wiy :N%(N)—T—%-

By the support condition of x, we have
2wl < |5 +wn|+ [ —wy| <21,
1

2

IOl = otk =285 ( [ o2+ wmxta/2 - i)

1
2

I

3k = 2N)NE( [ (/24 ow)x(w/2 - wx)dow)
5(k — 2N)Nz|I|~2 1|2 x(n)
= §(k—2N)N2x(n),

Vv

from which

On the other hand
ID*uollgs, lluollzz, ~ NI,
so that the estimate
1 Pu0) gz < 11 D3uollzz, uollzz,
implies
N2 < |1)z.
Since we may have |I| of any size we want, in particular |I| ~ N%, for any a € R, we conclude
that no s € R would satisfy the condition. O
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3. BILINEAR ESTIMATES

We start by recalling several function spaces to be used in the sequel. All these spaces are
defined as the completion, with respect to the norms below, of an appropriate space of smooth
test functions f, periodic in the z- and rapidly decreasing in the y- and t-variables, having the
property f(v‘, 0,n) = 0. These norms depend on the phase function ¢(&) = ¢(k,n) = ¢o(k)— %,
do(k) = |k|*k, with k € Z* and € R or n € R? according to whether we work in T x R or

T x R2. We begin with the standard anisotropic Bourgain norm

(13) 1%y 0 = ICRYH ()2 = 0()) Fll 2,

Also, for certain ranges of the dispersion exponent «, we will have to use the spaces Xj, s, 1:3

with additional weights, introduced in [I] and defined by

(T — ¢(§)>>ﬁ ;

(14) Hf”Xsl,sg,b;B = ’<k>51 (ny*2(r — ¢(§)>b(1 + (kyotT f

L2,
¢
Recall that, for b > 1/2, these spaces inject into the space of continuous flows on anisotropic

Sobolev spaces C(R;; H*1%2), where naturally the Sobolev norms are given by

1 o2 = [14)* ()2 Fl 2

The classical KP-II equation, that is the case o = 2, becomes a limiting case in our consider-
ations. In this case, due to the periodicity in the z-variable, the parameter b must necessarily
have the value b = % Consequently, in order to close the contraction mapping argument and to

obtain the persistence property of the solutions, we shall use the auxiliary norms

{r - ¢(§)>)5 :

(15) ||f||Y51,52;ﬁ = ‘(k>51<n>82<7—¢<5)>1 (1+ <k>a+1 f

)

L3(11)
cf. []. Finally, we define
(]‘6) ”fHZsl,sz;ﬁ = ||f||Ysl,s2;ﬁ + HfHX51

Now, we state the bilinear estimates for the KP-II type equations on T x R.

752,7%;5

Lemma 1. Let o = 2. Then, for s > —% and so > 0, there exist 3 € (0, %) and v > 0, such
that, for all u,v supported in [-T,T] x T x R,

< T
(7) 100 (u0) 2,y s S TNl o,y

Lemma 2. Let 2 < a < % Then, for s > %— 5 and sy > 0, there exist b > —% and

B € [0, V'], such that, for all b > %,

(18) 102 (o)X, o, e S 0lX0 g msl1P1X0 g0
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Remark: While in the preceding two lemmas our estimates are at the line of optimality
prescribed by the counterexample in the appendix, we lose optimality for higher dispersion.
The reason for this is that the low value of s1, on the left hand side of the estimate, cannot be
fully exploited if the frequency k of the product is very low compared with the frequencies kq
and ko of each single factor. Especially, for the fifth order KP-II equation considered by Saut

and Tzvetkov in [14] and in [I5], we cannot reach anything better than s; > —Z.

Lemma 3. Let o > % Then, for s1 > % — G and sy > 0, there exists b > —%, such that, for
all b > %, the estimate holds true.

The bilinear estimates that we prove on T x R? are:

Lemma 4. Let a = 2. Then, for sg > % and ss > 0, there exists v > 0, such that, for all u,v
supported in [~T,T] x T x R, the estimate

(19) |02 (o),

holds true.

Y
STl

152355

Lemma 5. Let 2 < a < 3. Then, for s; > 3770‘ and sy > 0, there exist b’ > —% and 3 € [0, =],
such that, for all b > %,

(20) Hal'<uv)‘|xslﬁs27b/;ﬁ rg HuHXsl,sg,b;ﬁ ”UHXsl,SQ,b;B'

Lemma 6. Let o > 3. Then, for s; > max(?’fTa, ITTO‘) and so > 0, there exists b/ > —%, such
that, for all b > %,

(21) 10z (uv)] x

8173275/ S ||u||X51,52,b||/UHX51,52,I)'

Before providing proofs of these lemmas, let us record some observations regarding the norms
to be used and the resonance relation associated to the KP-II type equations.
First of all, note that, for s > 0, the following inequality holds:
(n)*2
()2 (n2)*> ™~
which, applied to the inequalities ,, and , allows us to reduce their proofs to
the case s = 0. Therefore, for simplicity, throughout the remaining part of this paper, we

Y

abbreviate X := X5 and X,p.5 := Xs0p.3. We do the same for the anisotropic Sobolev
spaces H® := H*" as well as for the spaces Yop:=Ys0,p and Zs.5 1= Zs 0.8 H Only in the case

5To avoid confusion, we always put a semicolon in front of the exponent of the additional weights. If there is

no semicolon, this exponent is zero.



16 A. GRUNROCK, M. PANTHEE, AND J. DRUMOND SILVA

a = 2 of three space dimensions, where we have to admit an ¢ derivative loss on the y-variable,
shall we really need all the four parameters.

We write the X, norm in the following way

1flx. = IDZA F Iz,

where D? and A are defined via the Fourier transform by DS = F~1(k)*F and A’ = F~1(r —
#(k,n))°F, respectively. In the proof of Lemma [4| we will use Dy = F1n)*TF, too. Let us also
introduce the notations o := 7 — ¢(k,n), o1 := 11 — ¢(k1,m) and o9 ;=7 —711 — p(k — ki, n—mn1).
For ¢o(k) = |k|*k, o > 0, from [6], we have that

r(k, k1) = ¢o(k) — do(k1) — ¢o(k — k1),

satisfies
1
(22) %|kmin||kmax|a < |T(kvkl)| < (a +1+ 2j)|kmm||kmax|a
We have the resonance relation
ki — kan)?
23 —o=r(kk —_—

Note that both terms on the right hand side of have the same sign, so we have |01 + 09 —
o| > |r(k,k1)|. Therefore, from and we get the following lower bound for the resonance

«
|kmm| ’kmax| .

e
(24) max{|o|, |o1], |o2|} > 390
In what follows, the lower bound plays an important role in the proof of the bilinear
estimates.

While we have stated our central estimates in the canonical order, we will start with the
proof of the simplest case and then proceed to the more complicated ones, partly referring to

arguments used before. That’s why we begin with three space dimensions.

3.1. Proof of the bilinear estimates in the T x R? case. Besides the resonance relation
the following X, ;-version of the bilinear Strichartz estimate will be the key ingredient in
our proofs in this section: combining with (a straightforward bilinear generalization of)

Lemma 2.3 from [4], we obtain

(25) luvllzy e S llullx,, s l[vllx,, .0

and, by duality,

(26) luvllx_, - S llully g I0llx,
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provided 1 <r <2, b > %, s1,2 > 0 and s1 + s9 > % + % (For r = 2 we can even admit s; =0
or so = 0 here.) Taking r = 2 in both estimates above we may interpolate between them, which

gives

(27) lwvllx_og —og S Nullxe, o, 10lx0 .0

whenever the parameters appearing are nonnegative and fulfill the conditions sg + s1 + s9 > 1,

bo + b1 > % as well as bysg = s1bg.

Proof of Lemma[f. We divide the proof in different cases. In all these cases we choose ¥ close to
—% so that b/ < —é, s>2+(a+1)b and s > % + O‘Tb,. Then we can find an auxiliary parameter

0 > 0 (which may differ from case to case) such that the conditions

(28) l+ab +6<0 and b +1-46<s,
or
(29) abl+5<s and b +2-6<0,

are fulfilled.

Case a: Here we consider (o) > (01,2). By symmetry we may assume |ki| > |k2|.

Subcase a.a: |ko| < |k|. Here we use the resonance relation , the bilinear estimate
and the condition to obtain

b'+6 )
1D (wo)llx, 0 S IO ) (DY) 2
b +6 b'—6
S D u) x  [IDE D 0l x, < lullx, 0]l x, -
Subcase a.b: If |k| < |k2|, the resonance relation gives

ID3 (wo) xS D (DR u) (DL 0)) 2,

txy

which can be estimated as before as long as s +1+b6 > 0. If s+ 1+ € [—%,O), we choose
% =s+ % + b+ and use a Sobolev type embedding, as well as , to estimate the latter by

(s+2+b' —

b +5 )
D3 *ullx,, || Dy o)l xy, < llullx,,llvllx,,

where the last inequality follows from . Ifs+1+b < —%, we use a Sobolev type embedding
and to obtain the bound

—6)+

) - ) (3
1(Dg” +u)(D; U)”ﬁgchgy SIDS" Fullxg, 1D22 7 wllxy, < lullx,, llvlix.,,

. 1 ab’
since s > 7 + S5-.

Case b: Next we consider o1 maximal. We further divide this case into three subcases.
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Subcase b.a: |k, |ki| > |kz|. Using (24), the contribution from this subcase is bounded by
I(Dg?+ 1+ M) (DY) | x,

SIDE TN || IDIH =0 0llx, < Jlullx, 0], o

where and are used here.
Subcase b.b: |k; 2| > |k|. Here we get the bound

(30)

(31) DY (DEP N - D) x4,y

which is controlled by aslong as s +1+b >0. if s+ 1+ €[-1,0), we use with
—s1 = s+ 1+ b and the condition to obtain the upper bound

ab’+-6 54240 —8)+
2 D )

ull x| vl xo, < llullx,,llvilx,,-

If s+14+b < —1, the same argument gives (with a certain waste of derivatives) the upper bound

b'+6 —6
102" "l X, 1Dz "0l xo < llellx, o 10llx, 40

as long as s > O‘Tb/, which is a weaker demand as in subcase a.b.
Subcase b.c: |k|, |k2| > |ki|. Here we use and with » = 1 and a Sobolev type
embedding to obtain

b'—8 A b b'+6
1D (o) xS (D2 APu) (D0 H00) |1,

(s+3+ab'+0)+

b5 pb )
(32) S; ”Dac Au ﬁgOLgy”Dﬂﬁ UHXo,b

b—6+3+ (s+3+ab'+8)+
S IDs : UHX(),le)Qj : UHXO,b'

Since s > 2+ (a+ 1)b' and a > 3 we can choose § > 0 with ' — 6+ 3 < s and 3 +ab/ +6 <0,
so that the latter is bounded by c||ul|x,, [|v] x, - O

Remark: Observe that the assumption « > 3 is only needed in subcase b.c. In all the other
subcases the arguments presented work also for 2 < « < 3, and the only relevant lower bound

on s in this range of o is s > 377“

Proof of Lemma[J. Here we assume without loss that s < % and choose b’ close to —%, so that
s> 24 (a+1)b and that 8 := %H’l € [0, —=b]. Concerning the spaces X .3 we recall that for
B > 0 we have

(33) HfHXs,b < ”fHXs,b;B'

and that

(34) 1 e ~ N1 s
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if (o) < (k)**1. First we consider
Case a: (o) > (k)**L. In this case we have

(35) 1D (uv)x, ., ~ IIDFH PO (o)1, -

We divide this case into two further subcases.
Subcase a.a: |k 2| < |k|. By symmetry we may assume that |k1| > |kz|, then is bounded
by

H (D;Jrler’(aJrl)u) < ||D (24 (a+1))+

vl Tullxo vlx,,

S llullx.pllvllx,, S lullxpslvlx. .60

where we have used with sy = s, the assumption s > 2+ (a + 1)b" and (33).
Subcase a.b: |k| < |ki| ~ |ka|. First assume that o is maximal. With this assumption we
get from that is dominated by

s+14b'—ap blgﬂ b/w blgﬁa b/ﬂ
I1D; (Do “uw-Da® “0)l|pz, = Ds® "u-Du® “vllpz

a+ 1+ a+ +

S HD th HXObHD T vllxo, < llullx.,llvllx,

by our choice of (3, with 51 = s = %—1—, and the fact that s > b/%ﬁoz + %, which is a
consequence of our choice of 8 and s > 2+ (a+ 1)V,

If 07 is maximal, we obtain similarly as upper bound for (35

ot 4B 1 b’+ﬁ -1
1De A Dy el ~ D2 A DI R
H+ﬁa 1 b+ a+ n
SIDz?  Pullxg, | De = Vlxo, < llullx,,llvllx,,

where we have used |k1| ~ |ka|, (26)), and s > b,%ﬁomt :.
Case b: (o) < (k)*T!. In view of we have to show that

(36) 1D5H (wo)llx, S ullx, s 1011, 406

By earlier estimates - see the discussion of the subcases a.a, a.b, b.a, and b.b in the proof of

Lemma [6] - this has only to be done in the case where o1 is maximal and |ki| < |k| ~ |ka|.

o
Under these assumptions the additional weight in ||u|x,, , behaves like (M> , so that

s,b;8 |k1]

reduces to

(37) IDIH P (wo)lxy S Nl s sllolx, o
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Using again the resonance relation we estimate the left hand side of by
| D32 (D A% Do) x,
(38) ~||IDY 0N Dy
SIDY ullx, , | D200 |

having used in the last step. Choosing § = 1+ 2b' > 0 the first factor becomes ||u||x

s—af,b?
and the number of derivatives in the second factor is (2 4 (o + 1)b’)+ < s. Thus is shown
and the proof is complete. O

To prove Lemma 4| we need a variant of (25)) with b < % To obtain this, we first observe
that, if 512 > 0 with s; + s9 > %, €0,12 > 0 with eg +e1 +e2 > 1,1 <p < o0, and b > %, then

(39) 19Dy = (wo)llrzre S llullx,, o, 4 ll0llx

This follows from Sobolev type embeddings and applications of Young’s inequality. Now bilinear
interpolation with the » = 2 case of gives the following.

59,69,b"

Corollary 1. Let s12 > 0 with s1+s2 =1 and 0,12 > 0 with eg + €1 +¢e2 > 0, then there exist
b < % and p < 2 such that

(40) 1Dy (wo)llz, < llullx

and hold true.

v||
sl,El,bH X52,52,b7

The purpose of the p < 2 part in the above Corollary is to deal with the Y contribution to

the Z norm in Lemma[d] Its application will usually follow on an embedding

~

_1 N
o)™ fllrzry S 1 Fllezres

where p < 2 but arbitrarily close to 2. We shall also rely on the dual version of , that is

~ s9,e9,b"

(41) luvllx_, -, - S IFDGull2 lvllx

Proof of Lemmal[{]. In this proof we will take so = £, s1 = s and restrict ourselves to the lowest
value s = % Again the proof consists of a case by case discussion.

Case a: (k)2 < (o). First we observe that
(42) 10:(wo)llz__, SIDFFH(Dju- )z, + D5 (w-Dyo)lz, -

5,855 Wiy 12
The first contribution to can be estimated by
1
1F(Dgu - )2, + (o) 2T (Dyu - v)l| 211

SNFDyu- o)z, arzee S llullx, .y llvllx .o
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where we have used Corollary for some b < % Using the factﬂ that under the support

assumption on u the inequality

(43) lullx.., ST llullx, , ;-

s,e,b ~v

holds, whenever —3 < b < b < %, this can be further estimated by TVHUHXS,E’%% HU”XS’E’%;% for
some v > 0, as desired. The second contribution to can be estimated in precisely the same
manner.
Case b: (k)? > (o). Here the additional weight on the left is of size one, so that we have to
show
102 (w)lz,. ST ullx,

€

Al gy

Subcase b.a: ¢ maximal. Exploiting the resonance relation , we see that the contribution

from this subcase is bounded by
1 _1 1 _1
HngDZ(D:c 24 - Dy ZU)HLﬁéngLQ < HfﬂD%DZu - D, QU)HLfsﬂLgL’T’ + ...,

where p < 2. The dots stand for the other possible distributions of derivatives on the two factors,
in the same norms, which - by Corollary [I| - can all be estimated by c||ul|x, _,[[v||x, ., for some
b < % The latter is then further treated as in case a.

Subcase b.b: ¢; maximal. Here we start with the observation that by Cauchy-Schwarz and

, for every b’ > —% there is a v > 0 such that
10 (wo)l|z. . < T7|ID (wo)lx, ., -

Now the resonance relation gives

N

1 4 _
ID5 (wo)lx,. S |1 D2(Dy 2AZu- Dy

S

V)X,
! peatunns? b adyot e
SI(Dz DyA2u)(Da *v)x,,, + (D2 A2u) (D2 * Dyo)||x, ,,
_1 1 1 1 1
+[(Dz * DyAzu)(Di v x,,, + (D2 * AZu)(Dzi Dyo)||x, -

Using the first two contributions can be estimated by c||ul|x ,||v| x, ., as desired. The
58,5 '€

third and fourth term only appear in the frequency range |k| < |k1| ~ |k2|, where the additional
|k2|
k1]
high frequency factor v to the low frequency factor uw. So, using again, these contributions

weight in the ||u||x , ,-norm on the right becomes thus shifting a whole derivative from the
S€, 555

can be estimated by

CHUHXS’E’%;% ”UHXS,E,b rs HUHXS,E’%;% HUHXS’E’b;%'

6for a proof see e. g. Lemma 1.10 in [5]
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3.2. Proof of the bilinear estimates in the T x R case. In two space dimensions we have

the following X ;-version of Theorem |1i Assume s12 > 0, 51+ 53 = % and b > % Then, with a

smooth time cut off function 1,

(44) [Puvlrz S Nullx,, llvllx., .-

The dual version of reads

(45) [Puvllx_,, — S llullzz, lvlx., .

txy

Until the end of this section we assume u, v to be supported in [—1,1] x T x R, so that we can

forget about 1 in the estimates.

Let’s revisit the proof of Lemma |§| in the previous section, replacing estimate (25) and its
dual version by the corresponding estimates and (45)) valid in two dimensions, in order to

prove the pure (i. e. without additional weights) Xj ;-estimate

10z (uo)llx, 0 S lullx. 0l x, b

where b > % and s > max (3 — §,5 — §). As above, we assume s < 0 and choose b’ > —%, but

close to it, so that b’ < —é (possible for o > 2) and

5 1 b
4 - Y -4+ —.
(46) s>4+(a+), 8>8+2

Now we follow the case by case discussion from the proof of Lemma [6]

The argument in subcase a.a works for all & > 2. Because there is only a loss of i derivative
in the application of (instead of 1+, as in (2F)), we are led to the condition

1
(47) 1+ab +6<0 and b'+1—5<3,

which replaces and can be fulfilled for some ¢ > 0 because of our general assumption .
The argument in subcase a.b leads to the same condition, as long as s + 1+ > 0, i. e. for
a < % A possible Sobolev embedding does not give any improvement in the two-dimensional

setting. So, for a > % this contribution is estimated roughly by

b s s ab/+5+1 1.5
1Dz P u) (D% 0)llz, S D2 Pullx, [IDE llxg, < lullx,,lvllx, .
where we have used the second part of in the last step.
In the discussion of subcase b.a we apply the dual version , with s; = 0 instead of ,

and end up with condition (47) again. The only restriction on « arising in this subcase is a > 2.
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The estimate in subcase b.b is again reduced to that in subcase b.a, as long as s +1+b" > 0.
For s + 14V € [—1,0], we use with —s1 = s+ 1+ ¥'. This leads to the condition

(48) ab +8§<s and b/—i—g—égs,

replacing , which again can be fulfilled choosing § > 0 appropriately by our general assump-
tion . This works for s +1 + b > —%, e fora<3 Ifs+1+0V < —% (corresponding
to a > 3) we use with s; = i (thus wasting again several derivatives) and end up with the
condition s > %b/, which is weaker than .

Finally, we turn to subcase b.c (o1 maximal, |kl|,|k2| > |k1|), where we used the resonance

relation ([24)), to obtain
5 1S
ID3 (o)l x, 0 S (DS A u) (D H00) |,

for some § > 0. Now we apply to estimate the latter by

B—6ab s+324ab/+5
1Dz = Nullpz, 1Dz vllxo, S llullx,llvllx,

provided v/ — § < s and % + ab + 6 < 0. Summing up the last two conditions we end up with
our general assumption , but for the second of them we need at least % + ab’ < 0, which
requires o > g Observe that in this case both conditions can in fact be fulfilled for ¥ close
enough to —%.

o 3«

Since for a > % the condition s > % — 7 is stronger than s > § — 5, we have proven Lemma

Next we turn to the proof of Lemma [2] which follows closely along the lines of that of Lemma
[l

Proof of Lemma[2 With the assumptions on s and ', as in the preliminary consideration above,
we choose (3 := %‘H" € [0, —b']. We follow the case by case discussion in the proof of Lemma
beginning with case a, where (o) > (k)**!, so that holds. In subcase a.a, where |k 2| < |k,
we merely replace the application of by that of , which is justified by assumption .
Similarly, in subcase a.b (|k| < |ki| ~ |k2|), under the additional assumption that o is maximal,
we use with s; = s, = % and are led to the condition 2s > (b' 4+ B)a + %, which is a
consequence of . The same condition arises, if, in this subcase, o1 is assumed to be maximal
and the estimate is replaced by .

In case b, where (o) < (k)**!, we have to show (36). By the discussion preceding this proof,
this needs to be done only for o being maximal and |ki| < |k| ~ |k2|, which amounts to the
proof of . This works as in , except for the last step, where we use (45]) instead of
. With the same choice of § the number of derivatives on the second factor becomes now
2+ (a+ 1)V < s, by assumption (46). O
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Our next task is the proof of Lemma |l where a variant of with b < % is required.
The latter will be obtained as before by interpolation with an auxiliary estimate, but with the
decisive difference that we have to avoid any derivative loss in the y variable, in order to obtain
a local result in (and below) L? and hence something global by the conservation of the L?-norm.
So the simple Sobolev embedding argument applied to obtain is not sufficient in two space
dimensions. Instead of that we will prove the following Lemma, which is partly contained already

in [16, Lemma 4] as well as in the unpublished manuscript [18] of Takaoka and Tzvetkov.

Lemma 7. For sg > %, % <2< %, and by > g — % the following estimate holds true:

1
P
I9(D5 w2z S 1)l e o) 0 202
Proof. Since p is close enough to 2, we may assume without loss that by < ﬁ. With f(&,7) =

(o) P0u(€,7) and g(&,7) = (o) "™D(€, ) we have

T (€)= [ LS

where (¢, 7) = (k,n,7) = (kitke, mi+m2, i+72) = (G+&, mi+72), [dadn =30, Loy, [ dmdn,
and 012 = 71 2—¢(&1,2). Concerning the frequencies k, k; and kg corresponding to the xz-variable

déidry,

we will assume that 0 < |k1| < |ka| < |k|, see again pg. 460 in [16]. Applying Holder’s inequality

with respect to [ dr and [4, Lemma 4.2] we obtain

1

T €N S [ Il ( / |f<51,n>g<sz,m>|pdn) "l 0le) — ()T ey

We introduce new variables w = 7 — %9 and o’ = ﬁwQ, write |k1|7%0 = (k1|75 || ) (|k1]| 752 |'|%),

where sp = 51 + s2, ¢ = % and apply Hélder’s inequality with respect to f d&1 to obtain the

upper bound

ST T) (/ |k1|_51p!w/|_€p|f(€1,71)9(52772)IPd§1d71> "

| 2

where, with a = 7 — ¢o(k1) — ¢o(ke) + "777

D S e O e
k1#£0#£k2
—e Y |k / W7~ (a4 ) 120 g
k1#0#k2
The latter is bounded by a constant independent of (&, 7), provided

1 3
%S 2b0—8f1> S9o > —.

49 = R
(49) oy 37 oy o
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The remaining factor can be rewritten and estimated by

B =

(1 = E=21 56 m)atea riPdcuan

Taking the LgLﬁ—norm of the latter, we arrive at
1

k »
‘K/mmn—;m\MWQhwﬁmgww@&Q

S ”fHL?LQHgHLgLﬂv

Lg
where in the last step we have used Holder’s inequality (first in 7y, then in k1), which requires

3 3
50 S
(50) 1o, T

Finally our assumptions on sg, byg and p allow us to choose s; properly, so that the conditions

and are fulfilled. O

An application of Holder’s inequality in the 7 variable gives:
Corollary 2. Let sg > %, % <2< %, and b > % + %. Then the estimate
1F((DZ w)v)llz2re < lullxo b vl X0,

1s valid.

Observe that the estimates in Lemma [f]and Corollary [2] are valid without the general support

assumption on u and v. This is no longer true for the next Corollary, which is obtained via
bilinear interpolation between and Corollary

Corollary 3. For s12 > 0, with s1 + s2 > %, there exist b < % and p < 2, such that

(51) luvllzz, S llullx,, bllvllx., .,
and
(52) [Fo)llrzre S llullx,, [0l -

Sketch of proof of Lemmal[ll To prove Lemma [T we now insert Corollary [3] into the framework
of the proof of Lemma Assuming further on s < 0, we especially take § = 5 + %, which
corresponds exactly to our choice in that proof. These arguments are combined with elements
of the proof of Lemma {4 To extract a factor 177 we rely again on the estimate . The p < 2

part of Corollary [3|serves to deal with the Y contribution of the Z norm, whenever o is maximal.
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A corresponding argument can be avoided by a simple Cauchy-Schwarz application in the case,

where o1 is maximal. In this case we rely on the dual version of , that is

luvllx_,, - S llullez, l1ollx,.

with s12 >0, 51+ 52 > % and b < % Further details are left to the reader. O

4. LocAL WELL-POSEDNESS

To state and prove our local well-posedness results we use a cut-off function ¢ € C§° with
0<1%(t) <1and
1, It <1

(53) Y(t) =
0, |t>2

For T > 0, we define ¢ (t) = 1(4). Then our result concerning T x R reads as follows.

Theorem 3. Let a > 2, 51 > max (3 — 9, — 2) and s3 > 0. Then, for any ug € H***2(T xR)
with zero x-mean, there exist b > 5, 8> 0, T = T(|lug||gs1.2) > 0 and a unique solution u of
the initial value problem (1)), defined on [0,T] x T x R and satisfying ¥r u € Xy, 5o 5,3- This

solution is persistent and depends continuously on the initial data.
In three space dimensions, i. e. for data defined on T x R?, we have the following.

Theorem 4. Let ug € H*%2(T x R?) satisfy the mean zero condition. Then,

i) if a =2, 51 > % and sy > 0, there exist T = T(|luo| ms1.+2) > 0 and a unique solution u
2 . .
of on [0,T] x T x R* satisfying v u € XSl,SQ,%;%’
i) if @ > 2, 51 > max (352,152) and sy > 0, there existb > 1, 8> 0, T = T(|luo|| rsr:s2) >
0 and a unique solution u of on [0,T] x T x R? satisfying Y7 u € X, s5.0:5-

In both cases the solutions are persistent and depend continuously on the initial data.

The proof of the above theorems follows standard arguments as can be found e. g. in [I], [4],
or [12], so we can restrict ourselves to several remarks. The key step is to apply the contraction
mapping principle to the integral equation corresponding to the initial value problems and
@, i e

t
(54) u(t) = Py, — / !ty () dt!
0

more precisely, to its time localized version

(55)  u(t) = ()" " Plug — Pr(t) /0 et P (t Yu(t )y or ( Juu () dt' =: D(u(t)).
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Combining the linear estimates for X, ;-spaces (see e. g. [4, Lemma 2.1]), which are equally
valid for the spaces X, , 1.3, with the bilinear estimates from the previous section, one can
check that the mapping ® defined in is a contraction from a closed ball B, C X, 5,3, of

properly chosen radius a, into itself. Here, a contraction factor 77, v > 0, is obtained

e cither from the linear estimate for the inhomogeneous equation, which works for b > %,
corresponding to o > 2,
e or from the bilinear estimates as in Lemma [I] and in Lemma[4] which is necessary in the
1

limiting case, where a = 2 and b = =V’ = 3.

The persistence of the solutions obtained in this way follows from the embedding X, s, 5.3 C
C (R, H**%2) aslongasb > %, while for b = % this is a consequence of [4, Lemma 2.2]. Concerning
uniqueness (in the whole space) and continuous dependence we refer the reader to the arguments
in [I2, Proof of Theorem 1.5].

APPENDIX A. FAILURE OF REGULARITY OF THE FLOW MAP IN T x R

We present in this appendix a type of ill-posedness result which shows that, in T x R, our
local well-posedness theorem of the previous section is optimal (except for the endpoint), as far
as the use of the Picard iterative method based on the Duhamel formula goes. The result states
that the data to solution map fails to be smooth at the origin, more specifically fails to be C3,
for the Sobolev regularities precisely below the range of the local existence theorem proved in
the previous section, i.e. for s < % — 5. Because the Picard iteration method applied to the
Duhamel formula yields, for small enough times, an analytic data to solution map, this lack of
smoothness of the flow map excludes the possibility of proving local existence by this scheme,
at the corresponding lower regularity Sobolev spaces.

This proof is due to Takaoka and Tzvetkov, in an unpublished manuscript [I8] which, for
completeness and due to its unavailability elsewhere in published form, is being reproduced here.
It is done there for a = 2, which is the only case studied by the authors in that manuscript,
but our adaptation for any a > 2 is obvious. Their proof is inspired by the considerations
of Bourgain in [2], section 6, where an analogous ill-posedness result is proved for the KdV
equation, for s < —3/4, and it is equally similar to N. Tzvetkov’s own result, also for the KdV

equation, in [19].

Theorem 5. Let s < %— 5. There exists no T' > 0 such that admits a unique local solution
defined on [T, T], for which the data to solution map, from H*(T x R) to H*(T x R) given by
ug — u(t), t € [-T,T), is C* differentiable at zero.
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Proof. Just as is done in [2] and [19], consider, for w € H*(T x R) and 6 € R, the solution
u = u(d,t,z,y) to the Cauchy problem

Ou — |Dy|*0pu + 8;1(9§u + ulyu = 0,
u(67 O? :L” y) = 5w($7 y)'

(56)

Then, u satisfies the integral equation
t
u(0,0,z,y) = §etto(D)yy — / e(t=t")e(D) uOyu dt’.
0

If, for a sufficiently small interval of time [T, T1], the data to solution map of is of class
C? at the origin, it yields a third order derivative 823, at 0 = 0, with the property of being a
bounded multilinear operator from (H*(T x R))? to H*(T x R), for any t € [T, T]. Explicit
formulas can be easily computed

du ité(D i(katny) it(bo(k)—n2 k),
— ¢t _ x el k d
9 520 Jw = géo/ w(k,n)dn,

0%u L ou 2
_ [T ey, (O /
962 150 /0 ¢ 8”“"(55\5:0) di
_ / {Ze ollr+ha)ry(n+m) it (G0l -+he) - L)

itA 1
2 w(kl,nz)@(kz,nz)}dmdm,

where I'y = {(k‘l,kg) €72 k1 75 0, ko 75 0,k1 + ko 75 0} and

A=Ak, ka,mume) = (&) + ¢(&2) — d(& + &)

(k1 + ko)

2 2 2
noon (1 + )
= do(k) + doka) — L — 2 b (ky + ko) + ~ 212

Finally, the third derivative, at § = 0, is given by

Pu Lo ou d%u
g — i(t—t")p(D) o g dt'
95% |5=0 /0 ° ax(a(s 6=0 052 \6:0)
(n1+n2+n3)2)

:/ {Z ot (o0 +hatks) +y(m +n-+ng)) e”(d’o(kﬁk”k?’)‘ R1Tho Tk
rs |45

(k1 + k2) (k1 + k2 + k3)

1 eit(A-‘rB) -1 eitB _ 1
A[ A+B B }

w(k1,n1)w(ke, n2)w (k3,n3)}dmdnzdn3,
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where A is still defined as above, and now
Ty = {(ki, ko, k) € Z° : kj #0,5 =1,2,3, ki + ko # 0, ki + ko + k3 # 0},
and

B := B(k1, k2, k3,m,m2,m3) = #(3) + d(§1 + &2) — ¢(&1 + &2 +&3)

(m +m2)?
k1 + ko

2 2

13 (771+772+773)

= do(ks) — =2 + do(ky + k) — ARTIRT)
¢0( 3) ¢0( 1 2) kl kQ k3

A —¢0(k1+k2+k‘3)+
3

It will be shown now that, for s < % — 5, the necessary boundedness condition

(57) S ||w‘|§15(1r><]1@)’

H O
H3(TxR)

D63 15=0

fails for any t # 0, by using a carefully chosen function w.
For that purpose, set

BNZ

w=wy(z,y) = Z/ | eENTey gy,
+

—BN2

where 3 is to be chosen later, sufficiently small, and N > 1. Its Fourier transform is simply

given by wy(k,n) = x n) if k = £N, and zero otherwise.

ok anh

To estimate H i from below note that the main contribution to it comes from

9°u H

067 16=01| s (TxR)
a combination of frequencies (kj;,n;) € suppwn, j = 1,2, 3, such that the term A + B is small
(see [2] and [19] for very similar reasoning). The k frequencies necessarily always have to satisfy
the relation k1 = ko = £N, so that the least absolute value for A + B is achieved when k3 has

the opposite sign as k1 and ko, i.e. k3 = FN. In this situation, a cancellation of the expression

do(k1) + ¢o(k2) + ¢do(ks) — do(k1 + ko + k3),

is obtained, so that we get

|A(k1, k2,m1,m2) + B(k1, k2, k3, mi,m2,m3)| S 5,

and if 3 is chosen very small,
GtAB) _ q

A+ B

>

Also
|A(k17 k?) m, 772)| ~ Na+1~
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Therefore, one can derive the estimate

‘ Pu

803 |5=0
whereas, clearly |[wn| gs(Txr) S N&+i,
We thus conclude that, for t # 0, fails for s < % - 3. O

Z ’t’NsN—(oH-l)NZN% _ ’t’NS—Oé‘F%,
H#*(TxR)

A direct proof of the impossibility of determining a space X, continuously embedded in
C([-T,T),H*(T x R)), where the required estimates to perform a Picard iteration on the

Duhamel formula hold, is given below.

Theorem 6. Let s < % — 5. There exists no T' > 0 and a space X, continuously embedded in

C([-T,T),H*(T x R)), such that the following inequalities hold

(58) e Pug|x, S llwollmsrxry, w0 € H(T x R),
and

(59 |

t
[ etteo,wydr| Sl woe X,

0

Xr
Thus, it is not possible to apply the Picard iteration method, implemented on the Duhamel

integral formula, for any such space Xrp.

Proof. If there existed a space X7 such that and were true, then

On the other hand, because X is continuously embedded in C([-T,T], H*(T x R)) we would

also have

t t’
/ ei(t=t)8(D) g [eit’¢(D)uO/ 6i(t/—s)<z>(D)3gc(ez's<15(D)uO)2 ds} dt’ <
0

0

X

it (D
S 1™ Phuolly S NuollFrsowy-

sup || - HHS(’]I‘X]R) S s
te[—T,T)

from which we would conclude that, for any t € [-T,T], and any ug € H*(T x R) the following
inequality would hold:

But choosing ug as the function w of the previous proof, we know that this estimate cannot hold
trueifs<%—%. O

’

t
/ (H-1)9(D) [eing(D)uO/ (il =9)6(D) ) (¢i0(D) )2 ds} &t
0 0

Hs(TxR)

S luollzrs (zumy-
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