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Abstract. In this work, we compare the two approximations of a path-
connected space X, by the Ganea spaces Gn(X) and by the realizations
‖Λ•X‖n of the truncated simplicial resolutions emerging from the loop-suspen-
sion cotriple ΣΩ. For a simply connected space X, we construct maps
‖Λ•X‖n−1 → Gn(X) → ‖Λ•X‖n over X, up to homotopy. In the case n = 2,
we prove the existence of a map G2(X) → ‖Λ•X‖1 over X (up to homotoy)
and conjecture that this map exists for any n.
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We use the category Top of well pointed compactly generated spaces having the
homotopy type of CW-complexes. We denote by Ω and Σ the classical loop space
and (reduced) suspension constructions on Top.

Let X ∈ Top. First we recall the construction of the Ganea fibrations Gn(X)→
X where Gn(X) has the same homotopy type as the n-th stage, BnΩX, of the
construction of the classifying space of ΩX:

(1) the first Ganea fibration, p1 : G1(X)→ X, is the associated fibration to the
evaluation map evX : ΣΩX → X;

(2) given the nth-fibration pn : Gn(X) → X, let Fn(X) be its homotopy fiber
and let Gn(X)∪ C(Fn(X)) be the mapping cone of the inclusion Fn(X)→
Gn(X). We define now a map p′n+1 : Gn(X) ∪ C(Fn(X)) → X as pn on
Gn(X) and that sends the (reduced) cone C(Fn(X)) to the base point.
The (n + 1)-st-fibration of Ganea, pn+1 : Gn+1(X) → X, is the fibration
associated to p′n+1.

(3) Denote byG∞(X) the direct limit of the canonical mapsGn(X)→ Gn+1(X)
and by p∞ : G∞(X)→ X the map induced by the pn’s.

From a classical theorem of Ganea [3], one knows that the fiber of pn has the
homotopy type of an (n+1)-fold reduced join of ΩX with itself. Therefore the maps
pn are higher and higher connected when the integer n grows. As a consequence,
if X is path-connected, the map p∞ : G∞(X)→ X is a homotopy equivalence and
the total spaces Gn(X) constitute approximations of the space X.

The previous construction starts with the pair of adjoint functors Ω and Σ. From
them, we can construct a simplicial space Λ•X, defined by ΛnX = (ΣΩ)n+1X and
augmented by d0 = evX : ΣΩX → X. Forgetting the degeneracies, we have a
facial space (also called restricted simplicial space in [2, 3.13]). Denote by ‖Λ•X‖
the realization of this facial space (see [7] or Section 1). An adaptation of the
proof of Stover (see [8, Proposition 3.5]) shows that the augmentation d0 induces a
map ‖Λ•X‖ → X which is a homotopy equivalence. If we consider the successive
stages of the realization of the facial space Λ•X, we get maps ‖Λ•X‖n → X which
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constitute a second sequence of approximations of the space X. In this work, we
study the relationship between these two sequences of approximations and prove
the following results.

Theorem 1. Let X ∈ Top be a simply connected space. Then there is a homotopy
commutative diagram

‖Λ•X‖n−1
//

��?
??

??
??

??
??

??
??

?
Gn(X) //

pn

��

‖Λ•X‖n

����
��

��
��

��
��

��
�

X

The hypothesis of simple connectivity is used only for the mapGn(X)→ ‖Λ•X‖n,
see Theorem 3 and Theorem 5. In the case n = 2, the situation is better.

Theorem 2. Let X ∈ Top. Then there are homotopy commutative triangles

‖Λ•X‖1
//

##G
GG

GG
GG

GG
G2(X)

p2
||xxxxxxxx

oo

X

We conjecture the existence of maps ‖Λ•X‖n−1
//
Gn(X)oo over X up to ho-

motopy, for any n.
This work may also be seen as a comparison of two constructions: an itera-

tive fiber-cofiber process and the realization of progressive truncations of a facial
resolution. More generally, for any cotriple, we present an adapted fiber-cofiber
construction (see Definition 9) and ask if the results obtained in the case of ΣΩ can
be extended to this setting.

Finally, we observe that a variation on a theorem of Libman [5] is essential in
our argumentation, see Theorem 4. A proof of this result, inspired by the methods
developed by R. Vogt (see [9]), is presented in an Appendix.

This program is carried out in Sections 1-8 below, whose headings are self-
explanatory:
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1. Facial spaces

A facial object in a category C is a sequence of objects X0, X1, X2, . . . together
with morphisms di : Xn → Xn−1, 0 ≤ i ≤ n, satisfying the facial identities
didj = dj−1di (i < j).

X0 X1
d1

oo
d0oo X2

d2

oo d1oo
d0oo · · · Xn−1 Xn

dn

oo :

d0oo
· · ·oo :

oo

The morphisms di are called face operators. We shall use notation like X• to denote
facial objects. With the obvious morphisms the facial objects in C form a category
which we denote by dC. An augmentation of a facial object X• in a category C is
a morphism d0 : X0 → X with d0 ◦d0 = d0 ◦d1. The facial object X• together with
the augmentation d0 is called a facial resolution of X and is denoted by X•

d0→ X.

1.1. Realization(s) of a facial space. As usual, ∆n denotes the standard n-
simplex in R

n+1 and the inclusions of faces are denoted by δi : ∆n → ∆n+1. We
consider the point (0, . . . , 0, 1) ∈ Rn+1 as the base-point of the standard n-simplex
∆n. If X and Y are in Top, we denote by X o Y the half smashed product
X o Y = X × Y/ ∗ ×Y .

A facial space is a facial object in Top. The realization of a facial space X• is the
direct limit

‖X•‖∞ = lim
−→
‖X•‖n

where the spaces ‖X•‖n are inductively defined as follows. Set ‖X•‖0 = X0. Sup-
pose we have defined ‖X•‖n−1 and a map χn−1 : Xn−1 o ∆n−1 → ‖X•‖n−1 (χ0

is the obvious homeomorphism). Then ‖X•‖n and χn are defined by the pushout
diagram

Xn o ∂∆n ϕn //
��

��

‖X•‖n−1
��

��
Xn o ∆n

χn

// ‖X•‖n
where ϕn is defined by the following requirements, for any i ∈ {0, 1, . . . , n},

ϕn ◦ (Xn o δi) = χn−1 ◦ (di o ∆n−1) : Xn o ∆n−1 → ‖X•‖n−1.

It is clear that ϕ1 is a well-defined continuous map. For ϕn with n ≥ 2, this is
assured by the facial identities didj = dj−1di (i < j).

We also consider another realization of the facial space X•. The free realization
of X• is the direct limit

|X•|∞ = lim
−→
|X•|n

where the spaces |X•|n are inductively defined as follows. Set |X•|0 = X0. Suppose
we have defined |X•|n−1 and a map χ̄n−1 : Xn−1 × ∆n−1 → |X•|n−1 (χ̄0 is the
obvious homeomorphism). Then |X•|n and χ̄n are defined by the pushout diagram

Xn × ∂∆n ϕ̄n //
��

��

|X•|n−1
��

��
Xn ×∆n

χ̄n

// |X•|n

where ϕ̄n is defined by the following requirements, for any i ∈ {0, 1, . . . , n},
ϕ̄n ◦ (Xn × δi) = χ̄n−1 ◦ (di ×∆n−1) : Xn ×∆n−1 → |X•|n−1.
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Again the facial identities didj = dj−1di (i < j) assure that ϕ̄n is a well-defined
continuous map. Since χ̄n−1 is base-point preserving, so is ϕ̄n and hence χ̄n.

We sometimes consider facial spaces with upper indexes X•. In such a case, the
realizations up to n are denoted by ||X•||n and |X•|n.

Let X•
d0→ X be a facial resolution of a space X. We define a sequence of maps

‖X•‖n → X as follows. The map ‖X•‖0 → X is the augmentation. Suppose we
have defined ‖X•‖n−1 → X such that the following diagram is commutative:

Xn−1 o ∆n−1
χn−1 //

pr

��

‖X•‖n−1

��
Xn−1

(d0)
n

// X,

where (d0)n denotes the n-fold composition of the face operator d0. Consider the
diagram

Xn o ∆n−1
dio∆n−1

//

Xnoδi

��

Xn−1 o ∆n−1

χn−1

��
Xn o ∂∆n ϕn //

pr

��

‖X•‖n−1

��
Xn

(d0)
n+1

// X.

The upper square is commutative for all i and so is the outer diagram. It follows
that the lower square is commutative. We may therefore define ‖X•‖n → X to be
the unique map which extends ‖X•‖n−1 → X and which, pre-composed with χn,

is the composite Xn o ∆n pr //Xn

(d0)
n+1

//X . Similarly, we define a sequence
of maps |X•|n → X. We refer to the maps ‖X•‖n → X and |X•|n → X as the
canonical maps induced by the facial resolution X• → X. The next statement
relates these two realizations; its proof is straightforward.

Proposition 1. Let X• be a facial space. Then for each n ∈ N, the canonical map
|X•|n → X factors through the canonical map ‖X•‖n → X

1.2. Facial resolutions with contraction. A contraction of a facial resolution
X•

d0→ X consists of a sequence of morphisms s : Xn−1 → Xn (X−1 = X) such
that d0 ◦ s = id and di ◦ s = s ◦ di−1 for i ≥ 1.

Proposition 2. Let X•
d0→ X be a facial resolution which admits a contraction

s : Xn−1 → Xn (X−1 = X). For any n ≥ 0, |X•|n can be identified with the
quotient space Xn ×∆n/ ∼ where the relation is given by

(x, t0, ..., tk, ..., tn) ∼ (sdkx, 0, t0, ..., t̂k, ..., tn), if tk = 0.

As usual, the expression t̂k means that tk is omitted. Under this identification the
canonical map |X•|n → X is given by [x, t0, ..., tk, ..., tn] 7→ (d0)n+1(x) and the
inclusion |X•|n � |X•|n+1 is given by [x, t0, ..., tk, ..., tn] 7→ [sx, 0, t0, ..., tk, ..., tn].
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Proof. We first note that the simplicial identities together with the contraction
properties guarantee that the relation is unambiguously defined if various parame-
ters are zero and also that the two maps

Xn ×∆n/ ∼ → Xn+1 ×∆n+1/ ∼
[x, t0, ..., tk, ..., tn] 7→ [sx, 0, t0, ..., tk, ..., tn]

and
Xn ×∆n/ ∼ → X

[x, t0, ..., tk, ..., tn] 7→ (d0)n+1(x)

that we will denote by ιn and εn respectively are well-defined.
Beginning with ξ0 = id, we next construct a sequence of homeomorphisms ξn :

|X•|n → Xn × ∆n/ ∼ inductively by using the universal property of pushouts in
the diagram

Xn × ∂∆n ϕ̄n //
��

��

|X•|n−1
��

��

ξn−1

''PPPPPPPPPPPP

Xn−1 ×∆n−1/ ∼

ιn−1

��

Xn ×∆n χ̄n //

qn ++WWWWWWWWWWWWWWWWWWWWW |X•|n
ξn

''
Xn ×∆n/ ∼

where qn is the identification map. If tk = 0, the construction up to n− 1 implies

ξn−1 ◦ ϕ̄n(x, t0, ..., tn) = qn−1 ◦ (dk ×∆n−1) = [dkx, t0, ...t̂k, ..., tn].

Therefore, we see that the diagram

Xn × ∂∆n
ξn−1◦ϕ̄n //

��

��

Xn−1 ×∆n−1/ ∼

ιn−1

��
Xn ×∆n

qn

// Xn ×∆n/ ∼

is commutative and, by checking the universal property, that it is a pushout. Thus
ξn exists and is a homeomorphism. Through this sequence of homeomorphisms,
ιn corresponds to the inclusion |X•|n � |X•|n+1 and εn to the canonical map
|X•|n → X. �

Proposition 3. Let X•
d0→ X be a facial resolution which admits a natural contrac-

tion s : Xn−1 → Xn (X−1 = X). For any n ≥ 0, the canonical map |X•|n → X
admits a (natural) section σn : X → |X•|n and the inclusion |X•|n−1 � |X•|n is
naturally homotopic to σn pre-composed with the canonical map:

|X•|n−1
//

##G
GG

GG
GG

GG
|X•|n

X

σn

<<yyyyyyyy

In particular, if the facial resolution X• → ∗ admits a natural contraction then the
inclusions |X•|n−1 � |X•|n are naturally homotopically trivial.
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Proof. Through the identification established in Proposition 2, the section σn :
X → |X•|n is given by

σn(x) = [(s)n+1(x), 0, ..., 0, 1].

Using the fact that

sdnsdn−1 · · · sd2sd1s = (s)n+1(d0)n,

we calculate that the (well-defined) map H : |X•|n−1 × I → |X•|n−1 given by

H([x, t0, ..., tn−1], u) = [sx, u, (1− u)t0, ..., (1− u)tn−1]

is a homotopy between the inclusion and σn pre-composed with the canonical map
|X•|n−1 → X. �

2. First part of Theorem 1: the map ‖Λ•X‖n−1 → Gn(X)

Let X ∈ Top. We consider the facial resolution Λ•(X) → X where Λn(X) =
(ΣΩ)n+1X, the face operators di : (ΣΩ)n+1X → (ΣΩ)nX are defined by di =
(ΣΩ)i(ev(ΣΩ)n−iX), and the augmentation is d0 = evX : ΣΩX → X.

Theorem 3. Let X ∈ Top. For each n ∈ N, the canonical map ‖Λ•X‖n−1 → X
factors through the Ganea fibration Gn(X)→ X.

The proof uses the next result.

Lemma 4. Given a pushout

ΣAo ∂∆n //
��

��

Y

f

��
ΣAo ∆n // Y ′

where the left-hand vertical arrow is a cofibration, then there exists a cofiber sequence

ΣA ∧ ∂∆n //Y
f //Y ′ .

Proof. With the Puppe trick, we construct a commutative diagram

ΣA ∨ (ΣA ∧ ∂∆n)
��

��

(ΣAo ∂∆n)∼oo

��
ΣA ∨ (ΣA ∧∆n) (ΣAo ∆n)∼

oo

from which we obtain a commutative diagram

ΣA ∨ (ΣA ∧ ∂∆n)
��

��

∼ // (ΣAo ∂∆n)

��
ΣA ∨ (ΣA ∧∆n) ∼

// (ΣAo ∆n)

because the left-hand vertical arrow is a cofibration. We form now

ΣA ∧ ∂∆n //
��

��

// ΣA ∨ (ΣA ∧ ∂∆n)
��

��

∼ // ΣAo ∂∆n

yytttttttttt
//

��

Y

~~}}
}}

}}
}}

��

•1 //

∼

%%JJJJJJJJJJ •2
∼

  A
AA

AA
AA

A

ΣA ∧∆n // ΣA ∨ (ΣA ∧∆n)

∼

77oooooooooooo
∼ // ΣAo ∆n // Y ′
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where •1 and •2 are built by pushout and the left-hand square is a pushout. The
map •2 → Y ′ is a weak equivalence because it is induced between pushouts by the
weak equivalence •1 → ΣAo ∆n. �

Proof of Theorem 3. We suppose that Φn−2 : ‖Λ•X‖n−2 → Gn−1(X) has been con-
structed over X and observe that the existence of Φ0 is immediate. We consider
the following commutative diagram

(ΣΩ)n(X) ∧ ∂∆n−1
Φ̂n−2 //_______

ṽn−2

��

Fn−1(X)

��
‖Λ•X‖n−2

Φn−2 //

vn−2

�� λn−2

��

Gn−1(X)

pn−1

��		
		

		
		

		
		

		
		

‖Λ•X‖n−1

λn−1 // X

where the left-hand column is a cofibration sequence by Lemma 4. From the equal-
ities

pn−1 ◦ Φn−2 ◦ ṽn−2 = λn−2 ◦ ṽn−2

= λn−1 ◦ vn−2 ◦ ṽn−2 ' ∗,

we deduce a map Φ̂n−2 : (ΣΩ)n(X) ∧ ∂∆n−1 → Fn−1(X) making the diagram
homotopy commutative. From the definition of Gn(X) as a cofiber, this gives a
map Φn−1 : ‖Λ•X‖n−1 → Gn(X) over X. �

Instead of the explicit construction above, we can also observe that the cone
length of ‖Λ•X‖n−1 is less than or equal to n and deduce Theorem 3 from basic
results on Lusternik-Schnirelmann category, see [1].

3. The facial space G•(X)

For a space X we denote by P ′X the Moore path space and by Ω′X the Moore
loop space. Path multiplication turns Ω′X into a topological monoid. Given a space
X, we define the facial space G•(X) by Gn(X) = (Ω′X)n with the face operators
di : (Ω′X)n → (Ω′X)n−1 given by

di(α1, ..., αn) =

 (α2, ..., αn) i = 0
(α1, ..., αi−1, αiαi+1, ..., αn) 0 < i < n
(α1, ..., αn−1) i = n.

The purpose of this section is to compare the free realization of G•(X) to the con-
struction of the classifying space of Ω′X.

We work with the following construction of BΩ′X. The classifying space BΩ′X is
the orbit space of the contractible Ω′X-space EΩ′X which is obtained as the direct
limit of a sequence of Ω′X-equivariant cofibrations EnΩ′X � En+1Ω′X. The
spaces EnΩ′X are inductively defined by E0Ω′X = Ω′X, En+1Ω′X = EnΩ′X ∪θ
(Ω′X×CEnΩ′X) where θ is the action Ω′X×EnΩ′X → EnΩ′X and C denotes the
free (non-reduced) cone construction. The orbit spaces of the Ω′X-spaces EnΩ′X
are denoted by BnΩ′X. For each n ∈ N this construction yields a cofibration
BnΩ′X � BΩ′X. It is well known that for simply connected spaces this cofibration
is equivalent to the nth Ganea map Gn(X)→ X.
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Proposition 5. For each n ∈ N there is a natural commutative diagram

BnΩ′X //

��

|G•(X)|n

��
BΩ′X // |G•(X)|∞

in which the bottom horizontal map is a homotopy equivalence.

Proof. We obtain the diagram of the statement from a diagram of Ω′X-spaces by
passing to orbit spaces. Consider the facial Ω′X-space P•(X) in which Pn(X) is
the free Ω′X-space Ω′X × (Ω′X)n and the face operators di : (Ω′X)n+1 → (Ω′X)n

(which are equivariant) are given by

di(α0, ..., αn) =
{

(α0, ..., αi−1, αiαi+1, ..., αn) 0 ≤ i < n
(α0, ..., αn−1) i = n.

The maps s : Pn−1(X)→ Pn(X) given by s(α0, . . . , αn−1) = (∗, α0, . . . , αn−1) con-
stitute a natural contraction of the facial resolution P•(X)→ ∗. By Proposition 3,
the maps |P•(X)|n−1 → |P•(X)|n are hence naturally homotopically trivial.

The construction of the realization of P•(X) yields Ω′X-spaces. We construct a
natural commutative diagram of equivariant maps

E0Ω′X // //

g0

��

E1Ω′X // //

g1

��

· · · // // EnΩ′X // //

gn

��

· · ·

|P•(X)|0 // // |P•(X)|1 // // · · · // // |P•(X)|n // // · · ·

inductively as follows: The map g0 is the identity Ω′X =→ Ω′X. Suppose that
gn is defined. Since the map |P•(X)|n � |P•(X)|n+1 is naturally homotopically
trivial, it factors naturally through the cone C|P•(X)|n. Extend this factorization
equivariantly to obtain the following commutative diagram of Ω′X-spaces:

Ω′X × |P•(X)|n //

��

|P•(X)|n

��
Ω′X × C|P•(X)|n // |P•(X)|n+1.

Define gn+1 to be the composite

EnΩ′X ∪Ω′X×EnΩ′X (Ω′X × CEnΩ′X)
→ |P•(X)|n ∪Ω′X×|P•(X)|n (Ω′X × C|P•(X)|n)
→ |P•(X)|n+1.

It is clear that gn+1 is natural. In the direct limit we obtain a natural equivariant
map g : EΩ′X → |P•(X)|∞. This map is a homotopy equivalence. Indeed, EΩ′X
is contractible and, since each inclusion |P•(X)|n � |P•(X)|n+1 is homotopically
trivial, |P•(X)|∞ is contractible, too. For each n ∈ N we therefore obtain the
following natural commutative diagram of Ω′X-spaces:

EnΩ′X //

��

|P•(X)|n

��
EΩ′X

∼ // |P•(X)|∞.

Passing to the orbit spaces, we obtain the diagram of the statement. It follows for
instance from [4, 1.16] that the map BΩ′X → |G•(X)|∞ is a homotopy equivalence.

�
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Remark. Note that the upper horizontal map in the diagram of Proposition 5 is
not a homotopy equivalence in general. Indeed, for X = ∗, the space B1Ω′X is
contractible but |G•(X)|1 ' S1. It can, however, be shown that there also exists a
diagram as in Proposition 5 with the horizontal maps reversed.

4. The facial resolution Ω′Λ•X → Ω′X admits a contraction

Consider the natural map γX : Ω′X → Ω′ΣΩX, γX(ω, t) = (ν(ω, t), t) where
ν(ω, t) : R+ → ΣΩX is given by

ν(ω, t)(u) =
{ [

ωt,
u
t

]
, u < t,

[c∗, 0] , u ≥ t.

Here, c∗ is the constant path u 7→ ∗ and ωt : I → X is the loop defined by ωt(s) =
ω(ts).

Lemma 6. The map γX is continuous.

Proof. It suffices to show that the map ν[ : Ω′X×R+ → ΣΩX, (ω, t, u) 7→ ν(ω, t)(u)
is continuous. Consider the subspace W = {ω ∈ XR

+
: ω(0) = ∗} of XR

+
and the

continuous map ρ : W × R+ → XR
+

given by

ρ(ω, t)(u) =
{
ω(u), u ≤ t,
ω(t), u ≥ t.

Note that if (ω, t) ∈ P ′X then ρ(ω, t) = ω. Consider the continuous map

φ : W × R+ × [0,
π

2
]→ ΣP ′X

defined by

φ(ω, r, θ) =
{

[ρ(ω, r cos θ), r cos θ, tan θ] , θ ≤ π
4 ,

[c∗, 0, 0] , θ ≥ π
4 .

When r = 0, we have φ(ω, r, θ) = [c∗, 0, 0] for any θ. Therefore φ factors through
the identification map

W × R+ × [0,
π

2
]→W × R+ × R+, (ω, r, θ) 7→ (ω, r cos θ, r sin θ)

and induces a continuous map ψ : W × R+ × R+ → ΣP ′X. Explicitly,

ψ(ω, t, u) =
{ [

ρ(ω, t), t, ut
]
, u < t,

[c∗, 0, 0] , u ≥ t.

Consider the continuous map ξ : P ′X → PX defined by ξ(ω, t)(s) = ω(ts). Note
that ξ(ω, t) = ωt if (ω, t) ∈ Ω′X and, in particular, that ξ(c∗, 0) = c∗. The restric-
tion of Σξ ◦ ψ to Ω′X × R+ factors through the subspace ΣΩX of ΣPX and the
continuous map

Ω′X × R+ → ΣΩX, (ω, t, u) 7→ (Σξ ◦ ψ)(ω, t, u)

is exactly ν[. �

Proposition 7. The maps s = γ(ΣΩ)nX : Ω′(ΣΩ)nX → Ω′(ΣΩ)n+1X define a
contraction of the facial resolution Ω′Λ•X → Ω′X.

Proof. We have (Ω′(evX) ◦ γX)(ω, t) = Ω′(evX)(ν(ω, t), t) = (β(ω, t), t) where

β(ω, t)(u) =
{
ωt(ut ) = ω(u), u < t,
∗ = ω(u), u ≥ t.

Hence (Ω′(evX) ◦ γX) = idΩ′X .
In the same way one has (Ω′(ev(ΣΩ)nX) ◦ γ(ΣΩ)nX) = id(ΣΩ)nX . This shows

the relation d0 ◦ s = id. It remains to check that dj ◦ s = s ◦ dj−1, for j ≥ 1. For
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(ω, t) ∈ Ω′(ΣΩ)nX we have (dj ◦s)(ω, t) = (Ω′(ΣΩ)j(ev(ΣΩ)n−jX)◦γ(ΣΩ)nX)(ω, t) =
(σ(ω, t), t) where

σ(ω, t)(u) =
{

(ΣΩ)j(ev(ΣΩ)n−jX)
[
ωt,

u
t

]
=
[
(ΣΩ)j−1(ev(ΣΩ)n−jX) ◦ ωt, ut

]
, u < t,

(ΣΩ)j(ev(ΣΩ)n−jX) [c∗, 0] = [c∗, 0] , u ≥ t.

On the other hand, (s ◦ dj−1)(ω, t) = (γ(ΣΩ)n−1X ◦Ω′(ΣΩ)j−1(ev(ΣΩ)n−jX))(ω, t) =
(τ(ω, t), t) where

τ(ω, t)(u) =
{ [

((ΣΩ)j−1(ev(ΣΩ)n−jX) ◦ ω)t, ut
]
, u < t,

[c∗, 0] , u ≥ t.

This shows that dj ◦ s = s ◦ dj−1 (j ≥ 1). �

5. Second part of Theorem 1: the map Gn(X)→ ‖Λ•X‖n
A bifacial space is a facial object in the category dTop of facial spaces. We will
use notations like Z•• to denote bifacial spaces and refer to the upper index as the
column index and to the lower index as the row index. In this way, a bifacial space
can be represented by a diagram of the following type:

...

∂n+1

��
..∂0

��

...

∂n+1

��
..∂0

��

...

∂n+1

��
..∂0

��

...

∂n+1

��
..∂0

��

...

∂n+1

��
..∂0

��
Z0
n

∂n

��
..∂0

��

Z1
n

d1

oo
d0oo

∂n

��
..∂0

��

Z2
n

d2

oo d1oo
d0oo

∂n

��
..∂0

��

· · · Zp−1
n

∂n

��
..∂0

��

Zpn
dp

oo :

d0oo

∂n

��
..∂0

��

· · ·

...

∂2

����
∂0

��

...

∂2

����
∂0

��

...

∂2

����
∂0

��

· · · ...

∂2

����
∂0

��

...

∂2

����
∂0

��

· · ·

Z0
1

∂1

��
∂0

��

Z1
1

d1

oo
d0oo

∂1

��
∂0

��

Z2
1

d2

oo d1oo
d0oo

∂1

��
∂0

��

· · · Zp−1
1

∂1

��
∂0

��

Zp1
dp

oo :

d0oo

∂1

��
∂0

��

· · ·

Z0
0 Z1

0
d1

oo
d0oo Z2

0
d2

oo d1oo
d0oo · · · Zp−1

0 Zp0
dp

oo :

d0oo
· · ·

As in this diagram we shall reserve the notation ∂i for the face operators of a col-
umn facial space and the notation di for the face operators of a row facial space.
For any k, |Zk• |m (resp. |Z•k |m) is the realization up to m of the kth column (resp.
kth row) and |Z•• |m (resp. |Z•• |m) is the facial space obtained by realizing each
column (resp. each row) up to m.

The construction of the map Gn(X) → ‖Λ•X‖n relies heavily on the following
result which is analogous to a theorem of A. Libman [5]. As A. Libman has pointed
out to the authors, this result can be derived from [5] (private communication). For
the convenience of the reader, we include, in an appendix, an independent proof of
the particular case we need.

Theorem 4. Consider a facial space Z−1
• and a facial resolution Z••

d0→ Z−1
• such

that each row Z•k
d0→ Z−1

k admits a contraction. Then, for any n, there exists a
not necessarily base-point preserving continuous map |Z−1

• |n → ||Z•• |n|n which is a
section up to free homotopy of the canonical map ||Z•• |n|n → |Z−1

• |n.

The second part of Theorem 1 can be stated as follows.
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Theorem 5. Let X ∈ Top be a simply connected space. For each n ∈ N the nth
Ganea map Gn(X) → X factors up to (pointed) homotopy through the canonical
map ‖Λ•X‖n → X.

Proof. Consider the column facial space Z−1
• = G•(X) and the facial resolution

Z−1
• ← Z•• where Zji = Gi(ΛjX). Each row facial resolution

Z−1
i = Gi(X)← Z•i = Gi(Λ•X)

admits a contraction. Since G0(Λ•X) = ∗, this is clear for i = 0. For i > 0,
Gi(Λ•X) = (Ω′Λ•X)i. Indeed, since, by Proposition 7, the facial resolution Ω′X ←
Ω′Λ•X admits a contraction, its ith power also admits a contraction.

For n ∈ N consider the commutative diagram

BnΩ′X //

��

|G•(X)|n

��

||G•(Λ•X)|n|noo

��
BΩ′X // |G•(X)|∞ ||G•(Λ•X)|∞|noo

in which the left-hand square is the natural square of Proposition 5. Recall that the
lower left horizontal map is a homotopy equivalence. Since X is simply connected,
X is naturally weakly equivalent to BΩ′X and hence to |G•(X)|∞. It follows that
the map ||G•(Λ•X)|∞|n → |G•(X)|∞ is weakly equivalent to the map |Λ•X|n →
X. Since this last map factors through the map ‖Λ•X‖n → X and since, by
Theorem 4, the upper right horizontal map of the diagram above admits a free
homotopy section, we obtain a diagram

BnΩ′X //

��

‖Λ•X‖n

��
BΩ′X

f // X

which is commutative up to free homotopy and in which f is a (pointed) homotopy
equivalence. Since the left hand vertical map is equivalent to the Ganea map
Gn(X)→ X, there exists a diagram

Gn(X) //

��

‖Λ•X‖n

��
X

g // X

which is commutative up to free homotopy and in which g is a (pointed) homotopy
equivalence. This implies that the Ganea map Gn(X) → X factors up to free
homotopy through the canonical map ‖Λ•X‖n → X. Since X is simply connected
and ‖Λ•X‖n is connected, the Ganea map Gn(X)→ X also factors up to pointed
homotopy through the canonical map ‖Λ•X‖n → X. �

6. Proof of Theorem 2

Proof. Recall the homotopy fiber sequence

ΩX ∗ ΩX h //ΣΩX
d0 //X

where h is the Hopf map. This sequence is natural in X and the space G2(X) is
equivalent to the pushout of C(ΩX ∗ ΩX) ΩX ∗ ΩXoo //ΣΩX , where C(Y )
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denotes the (reduced) cone over a space Y . We use the following diagram

(2) C(ΩX ∗ ΩX) C(ΩΣΩX ∗ ΩΣΩX)
d0oo C(Ω (ΣΩ)2X ∗ Ω (ΣΩ)2X)

d1

oo
d0oo

(1) ΩX ∗ ΩX

OO

h ��

ΩΣΩX ∗ ΩΣΩX

OO

d0oo

��

Ω (ΣΩ)2X ∗ Ω (ΣΩ)2X

OO

��
d1

oo
d0oo

(0) ΣΩX

d0

��

(ΣΩ)2X
d0oo

d0

��

(ΣΩ)3X

d0

��

d1

oo
d0oo

�
�
�
�
�
�
�
�

_________________________

(−1) X ΣΩX
d0oo (ΣΩ)2X

d1

oo
d0oo

We observe that
• the image of Line (-1) by Ω has a contraction in the obvious sense;
• Line (0) is the image of Line (-1) by ΣΩ therefore Line (0) admits a con-

traction;
• the face operators of Line (1) are the maps Ωdi∗Ωdi with the face operators
di of Line (-1), thus Line (1) admits a contraction;

• Line (2) admits a contraction induced by the previous one.
From the expression of the Hopf map h : ΩX ∗ΩX → ΣΩX, h([α, t, β]) = [α−1β, t],
we observe that the map H : (ΩX ∗ ΩX) × [0, 1] → X, defined by H([α, t, β], s) =
α−1β(st), induces a natural extension of d0 ◦ h to C(ΩX ∗ΩX). Therefore, we can
complete the diagram by maps from Line (2) to Line (-1) which are compatible
with face operators.
Denote by G̃ the homotopy colimit of the framed part of the diagram. We have a
commutative square:

G2(X)

��

G̃oo

��
X ‖Λ•X‖1oo

Lemma 8 provides a homotopy section of the map G̃→ G2(X). Thus we obtain a
map

G2(X)→ ‖Λ•X‖1
up to homotopy over X. �

Lemma 8. We consider the following diagram in Top, satisfying d0 ◦ d0 = d0 ◦ d1

and the obvious commutativity conditions.
___________

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

A−1 A0
d0oo A1

d1

oo
d0oo

B−1

α−1

OO

β−1

��

B0
d0oo

α0

OO

β0

��

B1

α1

OO

β1

��

d1

oo
d0oo

C−1 C0
d0oo C1

d1

oo
d0oo

___________
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Let G̃ be the homotopy colimit of the framed part and G−1 be the homotopy colimit
of the first column. We denote by d̃ : G̃→ G−1 the map induced by d0. If the lines
of the previous diagram admit contractions in the obvious sense, then the map d̃
has a (pointed) homotopy section.

Proof. This is a special case of a dual of a result of Libman in [5]. It is not covered
by the proof of the last section but this situation is simple and we furnish an ad-hoc
argument for it.

First we construct maps f : A−1 → ‖A•‖1, g : B−1 → ‖B•‖1 and k : C−1 →
‖C•‖1 such that ‖α•‖1 ◦ g ' f ◦ α−1 and k ◦ β−1 ' ‖β•‖1 ◦ g. With the same tech-
niques as in Proposition 2, it is clear that ‖A•‖1 is homeomorphic to the quotient
Ao ∆1 by the relation (a, t0, t1) ∼ (sdia, 0, 1) if ti = 0. So, we define f , g and k by

f(a) = [sAsA(a), 0, 1], g(b) = [sBsB(b), 0, 1] and k(c) = [sCsC(c), 0, 1].

A computation gives:

‖α•‖1 ◦ g(b) = [α1sBsB(b), 0, 1]
= [sAd0α1sBsB(b), 0, 1]
= [sAα0d0sBsB(b), 0, 1]
= [sAα0sB(b), 0, 1]

f ◦ α1(b) = [sAsAα−1(b), 0, 1]
= [sAsAd0α0sB(b), 0, 1]
= [sAd1sAα0sB(b), 0, 1]
= [sAα0sB(b), 1, 0],

the last equality coming from our construction of ‖A•‖1. These two points, ‖α•‖1 ◦
g(b) and f ◦ α1(b), are canonically joined by a path that reduces to a point if
b = ∗. The same argument gives the similar result for k. We observe now that
these homotopies give a map between the two mapping cylinders which is a section
up to pointed homotopy. �

7. Open questions

The main open question after these results concerns the existence of maps over
X up to homotopy, Gn(X)→ ‖Λ•X‖n−1 for any n. This question is related to the
Lusternik-Schnirelman category (LS-category in short) catX of a topological space
X. Recall that catX ≤ n if and only if the Ganea fibration Gn(X)→ X admits a
section. The truncated resolutions bring a new homotopy invariant `ΣΩ(X) defined
in a similar way as follows:

`ΣΩ(X) ≤ n if the map ‖Λ•X‖n−1 → X admits a homotopical section.

From Theorem 1 and Theorem 2, we know that this new invariant coincides with
the LS-category for spaces of LS-category less than or equal to 2 and satisfies

catX ≤ `ΣΩ(X) ≤ 1 + catX.

Due to the special result for spaces of LS-category less than or equal to 2, we can
say that `ΣΩ(X) does not coincide with the cone length. We conjecture its equality
with the LS-category and the existence of maps Gn(X) → ‖Λ•X‖n−1 over X up
to homotopy.

We now extend our study by considering a cotriple T . Recall that a cotriple
(T, η, ε) on Top is a functor T : Top → Top together with two natural transfor-
mations ηX : T (X)→ X and εX : T (X)→ T 2(X) such that:

εF (X) ◦ εX = F (εX) ◦ εX and ηT (X) ◦ εX = T (ηX) ◦ εX = idT (X).
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It is well known that T gives a simplicial space ΛT•X defined by ΛTnX = Tn+1(X).
From it, we deduce a facial space and the truncated realizations ‖ΛT•X‖n. If T sat-
isfies T (∗) ∼ ∗, takes its values in suspensions and Ω′(ΛT•X) admits a contraction,
a careful reading of the proofs in this work shows that we get the same conclusions
as in Theorem 1 and Theorem 2 with the Ganea spaces Gn(X) and the realizations
‖ΛT•X‖i.

We could also use a construction of the Ganea spaces adapted to the cotriple T
as follows.

Definition 9. Let T be a cotriple and X be a space, the nth fibration of Ganea
associated to T and X is defined inductively by:

– pT1 : GT1 (X)→ X is the associated fibration to ηX : T (X)→ X,
– if pTn : GTn (X) → X is defined, we denote by FTn (X) its homotopy fiber and

build a map p′
T
n+1 : GTn (X) ∪ C(T (FTn (X)) → X as pTn on GTn (X) and sending the

cone C(T (FTn (X)) on the base point. The fibration pTn+1 is the associated fibration
to p′Tn+1.

The results of this paper and the questions above have their analog in this setting.
New approximations of spaces arise from the truncated realizations ‖ΛT•X‖i and
from the adapted fiber-cofiber constructions. One natural problem is to look for
a comparison between them. These questions can also be stated in terms of LS-
category. For instance, does the Stover resolution (see [8]) of a space by wedges of
spheres give the s-category defined in [6]?

8. Appendix: Proof of Theorem 4

The purpose of this appendix is to give a proof of Theorem 4. This proof is
contained in the Subsection 8.2 below and uses the constructions and notation of
the following subsection.

8.1. n-facial spaces and n-rectifiable maps. Let n ≥ 0 be an integer. A facial
space X• is a n-facial space if, for any k ≥ n + 1, Xk = ∗. To any facial space
Y•, we can associate an n-facial space Tn• (Y ) by setting Tnk (Y ) = Yk if k ≤ n and
Tnk (Y ) = ∗ if k ≥ n+ 1. Obviously, for any k ≤ n, we have |Tn• (Y )|k = |Y•|k.

Let Y• be a facial space with face operators ∂i : Yk → Yk−1. We associate to Y• two
n-facial spaces In• (Y ) and Jn• (Y ) and morphisms η, ζ, π, π which induce homotopy
equivalences between the realizations up to n and such that the following diagram
is commutative:

Tn• (Y )
η //

id $$J
JJJJJJJJ
In• (Y )

π

��

Jn• (Y )
ζoo

πzzuuuuuuuuu

Tn• (Y ).

For any integer k ≥ 1 we denote by ∂k the set {∂0, ..., ∂k} of the (k + 1) face oper-
ators ∂i : Yk → Yk−1 and, for any integer l ≥ k, we set ∂k : l := ∂k × ∂k+1 × ...× ∂l.

The n-facial space Jn• (Y ). For 0 ≤ k ≤ n, consider the space:

(
Yk ×∆0

)∐ n−k∐
m=1

(
∂k+1 : k+m × Yk+m ×∆m

)
.
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An element of this space will be written (∂i1 , ..., ∂im , y, t0, ..., tm) with the convention
(∂i1 , ..., ∂im , y, t0, ..., tm) = (y, 1) if m = 0. Set

Jnk (Y ) :=

((
Yk ×∆0

)∐ n−k∐
m=1

(
∂k+1 : k+m × Yk+m ×∆m

))
/ ∼

where the relations are given by

(∂i1 , ..., ∂im , y, t0, ..., tm) ∼ (∂i1 , ..., ∂im−1 , ∂imy, t0, ..., tm−1), if tm = 0,

and

(∂i1 , ..., ∂ip , ∂ip+1 , ...∂im , y, t0, ..., tm) ∼ (∂i1 , ..., ∂ip+1−1, ∂ip , ...∂im , y, t0, ..., tm),

if tp = 0 and ip < ip+1.
Together with the face operators J∂i : Jnk (Y )→ Jnk−1(Y ), 0 ≤ i ≤ k, defined by

J∂i(∂i1 , ..., ∂im , y, t0, ..., tm) = (∂i, ∂i1 , ..., ∂im , y, 0, t0, ..., tm),

Jn• (Y ) is a n-facial space.

The n-facial space In• (Y ). For 0 ≤ k ≤ n, we consider now the space:

(
Yk ×∆1

)∐ n−k∐
m=1

(
∂k+1 : k+m × Yk+m ×∆m+1

)
.

We write (∂i1 , ..., ∂im , y, t0, ..., tm+1) the elements of that space with the convention
(∂i1 , ..., ∂im , y, t0, ..., tm+1) = (y, t0, t1) if m = 0. The space Ink (Y ) is defined to be
the quotient

Ink (Y ) :=

((
Yk ×∆1

)∐ n−k∐
m=1

(
∂k+1 : k+m × Yk+m ×∆m+1

))
/ ∼

with respect to the relations

(∂i1 , ..., ∂im , y, t0, ..., tm+1) ∼ (∂i1 , ..., ∂im−1 , ∂imy, t0, ..., tm), if tm+1 = 0,

and

(∂i1 , ..., ∂ip , ∂ip+1 , ...∂im , y, t0, ..., tm+1) ∼ (∂i1 , ..., ∂ip+1−1, ∂ip , ...∂im , y, t0, ..., tm+1),

if tp+1 = 0 and ip < ip+1.
Together with the face operators I∂i : Ink (Y )→ Ink−1(Y ), 0 ≤ i ≤ k, defined by

I∂i(∂i1 , ..., ∂im , y, t0, t1, ..., tm+1) = (∂i, ∂i1 , ..., ∂im , y, t0, 0, t1, ..., tm+1),

In• (Y ) is a n-facial space.

The morphisms η, ζ, π, π. The facial maps η : Tn• (Y ) → In• (Y ), ζ : Jn• (Y ) →
In• (Y ), π : In• (Y ) → Tn• (Y ) and π : Jn• (Y ) → Tn• (Y ) are respectively defined (for
k ≤ n) by:

ηk(y) = (y, 1, 0),

ζk(∂i1 , ..., ∂im , y, t0, ..., tm) = (∂i1 , ..., ∂im , y, 0, t0, ..., tm),

πk(∂i1 , ..., ∂im , y, t0, ..., tm+1) = ∂i1 · · · ∂imy and πk(y, t0, t1) = y,

πk = πk ◦ ζk.
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We have πk ◦ ηk = id so that the following diagram is commutative:

Tn• (Y )
η //

id $$J
JJJJJJJJ
In• (Y )

π

��

Jn• (Y )
ζoo

πzzuuuuuuuuu

Tn• (Y ).

In order to see that these morphisms induce homotopy equivalences between the re-
alizations up to n, it suffices to see that, for any k, 0 ≤ k ≤ n, the maps ηk, ζk, πk, πk
are homotopy equivalences. Thanks to the commutativity of the diagram above
we just have to check it for the maps πk and πk. These two maps admit a sec-
tion: we have already seen that πk ◦ ηk = id and, on the other hand, the map
ϕk : Tnk (Y ) → Jnk (Y ) given by ϕk(y) = (y, 1) (which does not commute with the
face operators) satisfies πk ◦ ϕk = id. The conclusion follows then from the fact
that the two homotopies

Hk : Ink (Y )× I → Ink (Y )
((∂i1 , ..., ∂im , y, t0, ..., tm+1), u) 7→ (∂i1 , ..., ∂im , y, u+ (1− u)t0),

(1− u)t1, .., (1− u)tm+1)

Hk : Jnk (Y )× I → Jnk (Y )
((∂i1 , ..., ∂im , y, t0, ..., tm), u) 7→ (∂i1 , ..., ∂im , y, u+ (1− u)t0,

(1− u)t1, .., (1− u)tm)

satisfy Hk(−, 0) = id, Hk(−, 1) = ηk ◦ πk and Hk(−, 0) = id, Hk(−, 1) = ϕk ◦ πk.

n-rectifiable map. We write ϕ : Tn• (Y ) 99K Jn• (Y ) to denote the collection of
maps ϕk : Tnk (Y ) → Jnk (Y ) given by ϕk(y) = (y, 1). Recall that ϕ is not a mor-
phism of facial spaces since it does not satisfy the usual rules of commutation with
the face operators. In the same way we write ψ : Y• 99K Z• for a collection of maps
ψk : Yk 99K Zk which do not satisfy the usual rules of commutation with the face
operators and we say that ψ is an n-rectifiable map if there exists a morphism of
facial spaces ψ : Jn• (Y ) → Tn• (Z) such that ψk ◦ ϕk = ψk for any k ≤ n. So, an
n-rectifiable map ψ : Y• 99K Z• induces a map between the realizations up to n of
the facial spaces Y• and Z•.

8.2. Proof of Theorem 4. Let Z••
d0→ Z−1

• be a facial resolution of a facial space
Z−1
• such that each row Z•k

d0→ Z−1
k admits a contraction and let n ≥ 0. We first

note that the realization of Z•• up to p along the rows and up to n along the columns
leads to two canonical maps:

||Z•• |p|n → |Z−1
• |n ||Z•• |n|p → |Z−1

• |n.

Induction on p and standard colimit arguments show that these two maps are equal
(up to homeomorphism). Here we prove that ||Z•• |p|n → |Z−1

• |n admits a homotopy
section.

For any k, we denote by sk the contraction of the kth row

Z−1
k Z0

k

d0oo Z1
k

d1

oo
d0oo X2

k
d2

oo d1oo
d0oo · · · Zn−1

k
Znk

dn

oo :

d0oo

and, in order to simplify the notation we will write Lk for the realization up to
n of this facial space. That is, Lk = |Z•k |n. Recall, from Proposition 2, that the
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existence of the contraction permits the following description of Lk:

Lk = Znk ×∆n/ ∼

where the relation is given by

(z, t0, ..., ti, ..., tn) ∼ (skdiz, 0, t0, ..., t̂i, ..., tn) if ti = 0.

With respect to this description, the canonical map Lk → Z−1
k is given by

[z, t0, ..., ti, ..., tn] 7→ dn+1
0 z and is denoted by εn (without reference to k).

Realizing all the lines, we obtain a facial map:

...

∂n+1

��
..∂0

��

...

∂n+1

��
..∂0

��
Z−1
n

∂n

��
..∂0

��

Ln

∂n

��
..∂0

��

εnoo

...

∂2

����
∂0

��

...

∂2

����
∂0

��
Z−1

1

∂1

��
∂0

��

L1

∂1

��
∂0

��

εnoo

Z−1
0 L0

εnoo

The face operators ∂i : Lk → Lk−1 are given by ∂i[z, t0, ..., tn] = [∂iz, t0, ..., tn].
Our aim is thus to see that the map obtained after realization (and always denoted
by εn)

|Z−1
• |n |L•|n

εnoo

admits a section up to homotopy.
For each k, the map εn : Lk → Z−1

k admits a (strict) section given by z 7→
[sn+1
k z, 0, 0, ..., 0, 1] which we denote by ψk. The collection ψ of these maps does

not define a facial map since the contraction sk are not required to commute with
the face operators ∂i of the columns. The key is that ψ : Z−1

• 99K L• is an n-
rectifiable map. We can indeed consider, for each k ≤ n, the (well-defined) map
ψk : Jnk (Z−1)→ Lk given by:

ψk(∂i1 , ..., ∂im , z, t0, ..., tm) = [sn+1−m
k ∂i1sk+1∂i2sk+2...∂imsk+mz, 0, ..., 0, t0, ..., tm].

Straightforward calculation shows that the maps ψk commute with the face op-
erators ∂i so that the collection ψ is a facial map. This morphism also satisfies
ψk ◦ ϕk = ψk for any k ≤ n (which implies that ψ is an n-rectifiable map) and
εnψ = π. We have hence the following commutative diagram:

Tn• (Z−1)
η //

id &&LLLLLLLLLL
In• (Z−1)

π

��

Jn• (Z−1)
ζoo

π

xxrrrrrrrrrr

ψ // Tn• (L)

εn
ttiiiiiiiiiiiiiiiiiiii

Tn• (Z−1).
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Since the morphisms η, ζ, π and π induce homotopy equivalence between the
realizations up to n, we get the following situation after realization:

|Tn• (Z−1)|n
∼ //

id ''OOOOOOOOOOO
|In• (Z−1)|n

∼
��

|Jn• (Z−1)|n
∼oo

∼

wwooooooooooo

ψ // |Tn• (L)|n

εn
ssgggggggggggggggggggggg

|Tn• (Z−1)|n.

Since |Tn• (Z−1)|n = |Z−1
• |n and |Tn• (L)|n = |L•|n, we obtain that the map |L•|n →

|Z−1
• |n admits a homotopy section. �
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